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Secondary School Mathematics and the 
Changing Curriculum” 


By E. R. BRESLICH 
Department of Education 
University of Chicago 


THE CURRICULUM must be adapted to the changes in the social order. 
—The American high school developed out of the needs of society 
and its rapid growth is accounted for to a large degree by the con- 
stant endeavor to serve the needs of society. The number of pupils 
has increased at a rate passing all expectation until now more than 
half of the population of high school age is enrolled in the secondary 
school. Not many years ago it was an unusual event when a mem- 
ber of the family graduated from the high school. Today the 
family expects all of the children to become high school gradu- 
ates and, if the family income permits, to assist them to go to col- 
lege. In the present depression when jobs are few many high school 
graduates are appealing to the school to help them change en- 
forced idleness into an opportunity for further education and im- 
provement. They are asking for readmission, and the disappoint- 
ment is keen when they find that the schools are not able to ac- 
commodate them. 


* Read before the Mathematics Section of the New York Society for the Experi- 
mental Study of Education at the May meeting 1933. 
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The high school has not been free from criticism, and only too 
often such criticism was justifiable. At times the usefulness of a 
high school education has been questioned. Nevertheless, the rec- 
ord shows that the school has served society well and that it has 
been prompted by a genuine desire to eliminate objectionable 
features which gave rise to just criticisms, and to increase its use- 
fulness by making the curriculum flexible and by adapting it to 
the changes in the social order. Among numerous adjustments 
should be mentioned: the offering of alternative curricula to satisfy 
the varying needs of pupils; the meeting of the demands for voca- 
tional courses and guidance; and the adoption of extra curricular 
activities as a part of the regular school program. New courses have 
been introduced in the natural sciences, the social sciences, music 
and art. If necessary, changes have been made in the organization 
of the school. Every department has examined its courses to dis- 
cover and discard weaknesses. Valid aims and purposes have been 
formulated and scientific experiments have been conducted to 
determine the most suitable instructional materials and the most 
effective methods of teaching. The teachers of the various subjects 
recognized that no subject should be allowed to stand still when the 
entire system of school organization is undergoing reconstruction. 

Reforms in mathematical instruction.—It is to be expected that 
mathematics, being one of the oldest and first subjects to be 
placed on the high school curriculum, would receive its share of 
criticism, and that it should play an important part in the re- 
construction of the curriculum throughout the period of read- 
justment. Progress has been made but at times it has seemed very 
slow. It was retarded by the extreme conservatism of many admin- 
istrators and teachers; the lack of preparation of the teachers who 
were to put new ideas into practice; the difficulties encountered in 
getting the administration to accept the new courses; the admin- 
istrative difficulties in transferring pupils from one school to an- 
other; the rigidity of college entrance requirements; and the 
failure of college entrance examinations to keep up with modern 
tendencies, and the resulting fear of teachers that pupils taking the 
new work would be unable to make passing grades in such exam- 
inations. 

Regardless of retarding influences much has been accomplished. 
There has been no lack of leadership, and during the period of the 
last fifty years many of the recommendations of these leaders and 
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of several important committees have been accepted. They have 
pointed the way to far-reaching reforms. Future history will 
probably give credit for the reforms in secondary school mathe- 
matics to the famous Committee of Ten on Secondary School 
Studies, to John Perry, to Felix Klein, and the Eliakim Hastings 
Moore. Their recommendations were discussed widely and received 
enthusiastically. Unfortunately, so far not all of them have been 
put into practice. Much remains to be done. Today there is as much 
need as ever for strong leadership or a far-seeing national com- 
mittee with the courage and ability to finish the work so well 
started thirty to forty years ago. 

The report of the Committee of Ten on Secondary School Studies. 
—The subcommittee of the Committee of Ten which formulated 
the report on mathematics was composed of outstanding mathe- 
maticians of that period. The report represents the best thought 
and suggestions which they were able to offer. It was ahead of the 
times and some of the recommendations are just beginning to be 
appreciated and accepted. The following are typical: systematic 
instruction in concrete and experimental geometry should begin 
at the age of ten and occupy one hour per week for at least three 
years; systematic instruction in algebraic symbols and in simple 
equations should be offered before the pupil reaches the ninth 
grade; and algebra and geometry in the plan should not be taught 
as separate subjects but in connection with arithmetic. 

The Perry movement.—During the years 1900-1902 Professor 
John Perry of England delivered a number of lectures’ in which he 
advocated among others: steady emphasis on the practical uses of 
mathematics; selected applications from other school subjects; the 
use of the experimental method in developing principles of mathe- 
matics; and the early teaching of the useful parts of the various 
mathematical subjects. Perry’s views were strongly endorsed by 
the teachers of America. His influence has been powerful and far- 
reaching in the teaching of secondary school mathematics. He 
gave impetus to three movements: to connect mathematics closely 
with other school subjects and with materials of interest to boys 
and girls; to bring into the lower courses many of the simple but 


1 Report of the Committee of Ten on Secondary School Studies. The National Edu- 
cation Association. New York: The American Book Company, 1894. 


2 John Perry, “The Teaching of Mathematics,” Educational Review, XXIII 
(1902), pp. 158-81. 
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exceedingly valuable notions usually developed in the upper courses, 
and to make mathematics concrete by deriving abstract concepts 
and relations from concrete experiences thereby making them 
understood so they may be mastered by the pupil. At the time 
Perry was advocating his views, similar suggestions were made by 
leading mathematicians in various countries of the civilized world. 

Klein’s recommendations.—-Professor Felix Klein of Germany 
was well known to American teachers of mathematics. He stressed 
two principles of organization;’ that algebra and geometry be 
joined by making the function concept the unifying idea in math- 
ematics; and that a psychological arrangement of subject matter 
be insisted on. 

Moore’s principle of organization.—Professor E. H. Moore of 
Chicago felt that the solution of the problem of improving second- 
ary school mathematics should be sought in a reorganization that 
would “abolish watertight compartments by which arithmetic is 
taught in one, algebra in another, geometry in another, and trig- 
onometry in still another.’ He advocated the teaching of mathe- 
matics as one subject, in which each division should help and il- 
luminate the others.‘ 

The foregoing recommendations have aroused much discussion 
and a great deal of constructive activity among the teachers of 
mathematics who undertook to put them into operation. Com- 
mittees were appointed to study the merits of the various plans. 
Writers of textbooks have incorporated the new ideas into their 
courses. Interest has been preserved by numerous articles which 
have appeared in the yearbooks of the National Council of Teachers 
of Mathematics and in the mathematical journals. 

Improvements in mathematics resulling from general educational 
movements.—Attention has been called so far only to reforms in the 
teaching of mathematics which have come from within, i.e. from 
the teachers of mathematics themselves. However, the subject 
has made many valuable contributions by participating in general 
educational movements of national scope. It has rendered valuable 
assistance to the testing movement by producing mathematical 
achievement tests, mathematical ability tests, diagnostic tests 


3 Felix Klein, “Ueber den Mathematischen Unterricht der Hoeheren Schulen,” 
Jahresbericht der Deutschen Mathematiker Vereinigung, (1902), pp. 128-40. 

‘E. H. Moore, ‘“‘On the Foundations of Mathematics,’”’ Science, XVII (March, 
1903), pp. 401-16. 
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and prognostic tests. With the coming of the junior high school 
serious attention has been given to the construction of new courses 
and textbooks to be used in the new institution. Techniques of 
supervised study and individual instruction to supplement group 
teaching have been worked out more successfully in the field of 
mathematics than in most of the others. When the high schools 
were called upon to state the objectives to be attained in teaching, 
some of the best studies were made in mathematics. The mathe- 
matical and educational literature discloses that the teachers of 
mathematics have readily cooperated in all important educational 
movements and that the subject has profited by it. 

Weaknesses in mathematical instruction —Although leaders in 
mathematics have launched a number of movements to eliminate 
deficiencies in teaching and organization of the subject and have 
shown ways of introducing general educational reforms, the old 
criticisms have not ceased and dissatisfaction still persists. Ap- 
parently the reforms have not been as far-reaching as necessary. 
They have been introduced successfully in certain schools while 
many teachers and schools have taken but little interest in them. 

The typical complaints about the results of teaching mathemat- 
ics are: 

1. Protests against the large number of failures in the mathe- 
matics courses required for graduation. 

2. Dissatisfaction with the small amount of mathematical knowl- 
edge and skills retained by those who have received passing grades. 

3. Poor preparation of high school graduates who study college 
mathematics. 

4, Dissatisfaction of teachers of science in high schools and 
colleges because students are unable to use the mathematics which 
occur in these subjects. 

Invariably it is pointed out by those who make the criticisms 
that a knowledge of the simplest facts and processes is all that is 
expected and that the deficiencies are found in the fundamental 
aspects of the subject. The four criticisms will be examined in 
detail. 

Failures in mathematics.—The large percentages of failures in 
high school algebra and geometry have been a constant source of 
dissatisfaction among pupils, parents, and school officials. For years 
much has been said and written to bring about a reduction of 
failures of pupils, but the percentages continue to be high. Fifteen 
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to thirty per cent of pupils fail commonly in mathematics, and 
often the percentages run as high as fifty. 

Many teachers of mathematics refuse to be disturbed by these 
large percentages. They do not regard them as a serious matter. 
They point to the record of high percentages of failures in other 
departments and assert that the responsibility rests with the 
pupils and with the administrators who admit too many poorly 
prepared pupils to the schools. However, there is little comfort in 
this argument to those who believe in the values which pupils 
may and should derive from the study of mathematics. High per- 
centages of failures in any subject operate against it, in two ways. 
School administrators will advise pupils against taking courses 
in the subject and pupils will avoid them because of fear of failing. 
Hence it becomes increasingly difficult for a subject to meet the 
competition with other subjects in which pupils are able to profit 
sufficiently from instruction to make passing grades. 

It has been charged by school officials that failures in mathe- 
matics, together with the withdrawals of pupils who are afraid 
that they will fail, contribute heavily to the elimination of pupils 
from the school who are thus deprived of a general education. 
As a solution of the problem they are recommending further reduc- 
tions of the mathematical requirements for graduation. The re- 
quirement used to be 2} years of mathematics. At the present time 
two years is the maximum. Many schools require but one year and 
others have dropped all mathematical requirements. This is not 
always to the best interest of the pupil. Recently a dean who ad- 
vises pre-medical students in a large university deplored the fact 
that so many are now entering college with only one unit of algebra 
and one of geometry. “They inform me,” he said, ‘‘that their high 
school principals and advisers have assured them that this much 
high school mathematics is an adequate preparation for pre-medi- 
cal work in college. The fact is that they need in addition at least 
a course in intermediate algebra and that trigonometry should be 
advised. Since the university does not offer courses in intermediate 
algebra the students have to make it up either by correspondence 
or with a tutor.’’ Deans advising students who wish to sign up for 
physics, chemistry, astronomy and mathematics, report the same 
difficulty. 

The extent to which other subjects are competing successfully 
with mathematics is indicated in certain data on percentages of 
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pupils taking high school algebra and geometry, published re- 
cently in the Biennial Survey of Education.’ In interpreting the 


PERCENTAGES OF Puptts TAKING H1GH ScHOOL ALGEBRA AND GEOMETRY 














[95 [eo [ew | 8 || 





Algebra  (in- 
cluding inter- 
mediate) 45.40 | 5 
Geometry 21.30 2 











Zt | 56.29 |. Si. 8 
.34 | 27.39 | 28.16 | 30.8 


= 


40 


43 | 35.22 
> | 22.6 


19.80 


4 
2 


cow 


8. 
6. 


wn 





data it should be kept in mind that during the period from 1890 
to the present time the enrollment of pupils in secondary schools 
has been increasing. In 1900 it was about a half a million and now 
it is close to four millions. Percentages in algebra at first increased 
from 45.4 reaching the high peak of 57.5 in 1905. However, in the 
next ten years the relative gain made during the preceding fifteen 
years was practically wiped out. The percentages had not ceased 
to decrease in 1928 when the percentage was 35.2. The situation in 
geometry is similar. The increase of percentages runs parallel to 
that of algebra, beginning with 21.3 in 1890 and reaching the peak 
of 30.9 in 1910. The gains made in the first twenty years were more 
than wiped out in the following fifteen. In 1928 the percentage was 
19.8. 

Of course, owing to the large increase in total enrollment the 
falling off of percentages does not mean a correspondingly large 
decrease in the number of pupils taking algebra and geometry. It 
does mean that forces are operating which are unfavorable to math- 
ematics. Not the least of them are the high percentages of fail- 
ures; the growing competition with the natural and social sciences, 
literature, music and art; and a change in the friendly attitude of 
the school officials. The first should receive the most serious atten- 
tion of the teachers. It calls for improved methods of teaching and 
for a selection and organization of instructional materials which is 
adapted to the abilities and interests of the present day generation 
of pupils. 

Pupils do not retain the mathematics taught in the secondary 
school._—Teachers of college courses in science and mathematics 
have always stressed the importance of a thorough mathematical 


§ Biennial Survey of Education. Bulletin 1930, No. 16, pp. 1057-8. Washington, 
D. C.: United States Office of Education. 
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preparation. This fact has greatly strengthened the position of 
mathematics in the secondary school curriculum. It is therefore dis- 
turbing to have expressions of criticism and dissatisfaction come 
from a group which naturally should be the most friendly. Fre- 
quently complaints are made that mathematical difficulties con- 
tribute heavily to mortality in courses in the college sciences. In a 
recent conference several college instructors expressed the opinion 
that the study of first-year algebra “‘seems to be a total loss to 
many students.” 

When asked for specific illustrations of common mathematical 
deficiencies many examples were given, among which the following 
are significant: 

1. Arithmetical deficiencies 

a. Inability to divide one decimal fraction by another, as 
.00000432 + .00016. 

b. Inability to extract the square root of a number, and lack 
of understanding of the principles on which the process is 
based. 

c. Inability to determine which of two common fractions is 
the greater, as in 231/451 and 232/452. 

d. Lack of the reasoning power necessary to solve simple 
verbal problems. 

2. Algebraic deficiencies. 

a. Errors in adding or subtracting algebraic fractions, as 

a b 1 1 1 


n . oe « x-1 





b. Inability to expand correctly (a+6)? and (a+6)(a—b). 
c. Inability to solve equations, as 


3/4 
*S/s 


+ .5x—7.5=0, i.e. quadratic equations with decimal 
fractions as coefficients. 

d. Lack of understanding of basic concepts. For example, 
students cannot explain why 1273 =1.273X 105. 

It is not necessary to extend the foregoing list of illustrations 
to make it clear that even the simplest algebraic concepts and 
processes which doubtlessly receive a great deal of attention in 
mathematics seem to be forgotten by the time the student enters 


2x=14, 3[(2+4(1—x)](6—1) =0, = =6, 2= f2, 
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college. Similar evidence is offered in several studies in which pupils 
were tested a short time after they had finished secondary school 
algebra. 

As a solution of the problem of insufficient mathematical prep- 
aration for college sciences three procedures have been followed by 
the college instructors. 

1. Several studies have been made to identify the mathematical 
abilities and processes needed in the pursuit of physics, chemistry 
and other sciences. The findings are used to construct tests which 
are administered to all students who sign up for the science 
courses. Those who fail are barred from admission until they give 
evidence that the mathematical deficiencies have been removed. 

2. Some instructors, claiming that they cannot presuppose a 
knowledge of the mathematics needed in their courses, assume the 
responsibility of teaching facts and processes as need for them 
arises. 

3. Wherever it is possible the use of mathematics is avoided, even 
if it involves the elimination of some aspects of the science courses 
which cannot be taught without mathematics. 

The criticism that high school graduates are poorly grounded in 
mathematics is worthy of serious consideration. It cannot be 
waved aside by saying that in all subjects students forget much 
of what has been taught and that there is no reason why mathe- 
matics should be an exception. The fact is that the various sub- 
jects are not comparable. Many facts in mathematics are taught 
for disciplinary and cultural purposes. Detailed information about 
them may be forgotten without reflection on the mathematics de- 
partment. However, certain facts and processes are taught prima- 
rily because they are needed as tools in other subjects and in 
more advanced courses in mathematics. If they are not mastered 
to the point where they become permanent property of the pupil, 
instruction has failed. 

Until the causes of failure are known improvement cannot be 
expected. When a college student fails to add correctly a/n+)/n 
the explanation is not that he has forgotten but that he has never 
acquired the correct understanding. The chances are that his per- 
formances at the time fractions were studied, even if the answers 
were right, were not based on insight and understanding but on 
imitation and memory. Hence the law of forgetting began to 
operate as soon as the topic was finished. 
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Nor should the blame for deficiencies in secondary school math- 
ematics be placed on the students. College students are a selected 
group as to mentality. They have passed successfully the first 
course in high school algebra, a year’s work in demonstrative 
geometry, and then a second course in algebra. At the end of each 
course the pupils at the lower end of the scale were eliminated. 
Further selection took place when they were admitted to college. 
Finally, the college students who elect courses in science and 
mathematics usually have an interest in mathematics and have 
shown ability in that field. These courses are generally avoided by 
those who feel that their mathematical preparation is inadequate. 
Evidently students who have come through the selective process 
cannot be classed as low in mathematical ability and the cause for 
mathematical deficiencies must be sought elsewhere. 

Teachers of mathematics have recognized this and have been in 
search for ways of correcting the situation. Any device which may 
be expected to improve results is eagerly tried. This has created a 
good market for drill exercises, instructional tests, workbooks, and 
other devices which promise to help the student to master the sub- 
ject. Unfortunately the results have not shown marked perma- 
nent improvement. 

There is hope that a solution of the problem may grow out of 
certain recent changes of the secondary school curriculum. The 
junior high school movement has made it possible to extend the 
period of secondary education downward into the seventh and 
eighth grades. An increasing number of elementary schools are 
modifying the curriculum for these grades to make it similar to the 
junior high school program. Opportunity is thus offered for a read- 
justment of the instructional materials traditionally presented in 
first-year algebra and demonstrative geometry. Some of it may be 
assigned to the eighth grade and some to the seventh. Not only 
will this offer relief to the overcrowded ninth and tenth grade 
courses, but the distribution of the subject matter over a longer 
period of time has the added advantage that it will slow up the 
learner’s rate of progress and increase his chances for assimilation 
and genuine understanding. Furthermore, the close relations of 
arithmetic, algebra, and geometry provide broad mathematical 
experiences which can be made very helpful to the learner. Ab- 
stract principles and processes of algebra may now be presented in 
the more concrete geometric settings. A solid foundation may be 
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laid on which to build strong courses in algebra and geometry in 
the upper grades of the secondary school. 

The downward movement of secondary school mathematics 
should have the enthusiastic support of all teachers. The plan is 
only in the first stages of development. Much study and research 
will be required until the content of the new courses is as definitely 
and clearly defined as is the content of traditional algebra and 
geometry. When this has been accomplished the teachers of the 
upper grades will know exactly what they may presuppose and how 
they may continue without loss of time the work started in the 
lower grades. The goal will not be reached until the new program is 
widely introduced in seventh and eighth grades, irrespective of 
whether they are in an elementary school or in a junior high 
school. 

Furthermore, the problem of method deserves the same careful 
study as that of selection and organization of instructional mate- 
rials. 

Students do not know how to use the mathematics taught in the 
secondary school.—The complaint is voiced by persons engaged in 
business and industry, and by teachers of college mathematics 
and the college sciences. It is also made by high school teachers of 
subjects other thar mathematics. Representatives of various high 
school and college subjects were recently asked by the writer to 
list specific instances of inability of students in the use of mathe- 
matics. While some replied that they had no specific complaints 
to make, others expressed considerable dissatisfaction, and a list 
of difficulties was obtained from them. The following specific ex- 
amples were selected as typical of the unfavorable comments. 

1. The shop teacher told some high school boys to divide an 8- 
foot board into 5 equal parts. They did not know how to figure it 
out. 

2. The gymnasium teacher asked several boys to distribute a 
score of 5 among 3 schools which had tied in an athletic contest. 
They could not do it. 

3. A teacher of chemistry finds that his students cannot see why 
the square of a given number less than 1 should be less than the 
given number. 


4. The meaning of exponents is not clear. Therefore students 
43210 
cannot work the problem ————— correctly. 
4X 10° 
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5. Students know how to solve x=3y+6 for y but are helpless 
in solving s=at+6 for ¢. 

6. They have great difficulty in seeing that the formula V=1)+ 
(273+42) 

273 

7. Students have the habit of avoiding thought. Thus, in the 
problem “If 65g of zinc give 2g of hydrogen, what will 10g of zinc 
give?” They will set up a proportion and go through the tedious 
process of solution in a formal manner when they could do it by 
simple nontechnical logic. 

8. They cannot decide when a quantity is negligible. For ex- 
ample, they do not see that if x is negligible as compared with .1 


(.1+x)x 
the use of the quadratic in ————— = 10° may be avoided. 
1-—x 

9. They are unable to find the value of expressions like 31*.’. 

The foregoing examples throw some light on the reasons why 
pupils do not know how to use the mathematics taught in the 
secondary schools. It is common experience to find that no matter 
how thoroughly a subject may be taught the strangeness of a new 
situation tends to confuse and mistakes will result. It must be 
evident that when a high school pupil is unable to divide an 8-foot 
board into 5 equal parts or to distribute a score of 5 over 3 schools 
it is not the mathematics but the situation which he is unable to 
understand and which causes the trouble. Practice in dividing 8 by 
5 and 5 by 3 will not solve the problem. Moreover, for years he 
has had an abundance of practice with verbal problems. As early 
as in the third grade pupils are given similar exercises, the differ- 
ence being in the situation, not in the manipulation. Instead of an 
8-foot board it may bea chocolate bar that is to be divided equally. 
The best that mathematics teachers can do to improve problem 
solving ability is to vary the situations and to see to it that they 
are understood. 

The pupils in a solid geometry class in a high school had been 
solving problems for months without any apparent difficulty. The 
problem situations were those of the farm, the shop, and the store. 
All problems were book problems with the data given and the 
required results were found by formula and computation. One 
day while going through the patternshop of the school the teacher 
saw a pile of patterns made by pupils. They were cylinders, prisms, 
pyramids, cones, spheres, and combinations, the very same solids 


vot/273 may be transformed into V=v9 
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that were studied in the course. It occurred to him that they would 
be excellent problem material for the solid geometry class. He took 
them to the classroom and requested the pupils to find the surface 
area and the volume of each. 

As simple as the problems were they caused considerable trouble. 
The reason was that no data were given and that they had to be 
found by the pupils. Thus to find the area of a triangular prism 
they had to construct the right section, measure the sides and 
compute the perimeter before they could use the formula. Progress 
was temporarily blocked until this new element in the solution of 
the problem was cleared up. From then on no further difficulty 
was encountered. Pupils soon found their own ways of measuring 
the altitudes of pyramids and diameters of spheres. It seems there- 
fore that two important steps should be provided for by the 
teachers of mathematics in training pupils to solve problems: 
There must be problems dealing with a variety of situations, and 
new situations which are confusing to the pupils must be cleared 
up by the teacher. Likewise, unfamiliar situations which occur in 
problems met in subjects other than mathematics must be ex- 
plained by the teachers of those subjects. 

In a social science class the pupils were to solve the following 
problem: “In an election 16,248 votes were cast for one candidate 
and 12,314 for his opponent. How many votes were cast?” When 
answers came in some pupils had subtracted. They were asked to 
explain their method of solution and said, “We thought cast means 
casting out and that means subtracting.” Thus, the mistake was 
due to the fact that the situation had not been made clear to them. 
Perhaps it was a vocabulary difficulty. 

An analysis of the problem materials of three arithmetic books 
disclosed 450 different ways of expressing addition and almost 
as many ways of indicating subtraction. It is impossible to teach 
all of them in arithmetic. Hence teachers of subjects in which 
problems calling for addition or subtraction arise must keep in 
mind that the newness of a situation may be the cause of incorrect 
solutions unless they make the situation clear to the pupils. 

It must be stated emphatically that from the fact that problems 
of types 1, 2, 5, and 6 are difficult it does not follow that the pupils 
were poorly taught in mathematics. The real reason might be lack 
of familiarity with the problem situations and the terminology. 
Sometimes the symbols contained in the formula are new. If the 
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pupil knows how to solve x=3y+6 it should be no trouble for the 
teacher of physics to show that the solution of s= at+ for ¢ is really 
the same and that it involves no new processes. The fact is that 
when the meaning of the symbols s and ¢ are not understood the 
student may think of them as abbreviations of the words space and 
time and that the equation s=ai+ 6 does not look to him like an 
algebraic equation, as x=3y+6. The trouble with transforming 


273+ 
Votv0(t/273) to a, 


standing of the laws of addition and factoring but by failure to 
understand the meaning of the symbols. The teacher of physics 
who thoughtlessly disposes of the problem by saying that the 
student does not know how to use his mathematics may in fact 
be guilty of teaching physics badly. He is expected to discover the 
real difficulty and render some assistance. 

Thus, the attainment of best results in the use of mathematics 
in another subject is a cooperative enterprise of the teacher of 
mathematics and of the teacher of the second subject. This asser- 
tion does not deny that much poor teaching of mathematics exists. 
Indeed, it cannot be overemphasized that the best defense of the 
subject is to improve the teaching. The problem material should be 
enriched, the situations should be varied, and the symbols should 
be made clear. Nothing should be left undone to train pupils to 
attack problems containing new situations with confidence and suc- 
cess. Variety of experiences is most essential. 

It is not necessary to go outside of the field of mathematics to 
become aware of the importance of variety. If a college student 
makes a mistake in solving 2x = 14 the probability is that he never 
had a clear conception of the relationship involved in the equation. 
His high school teachers of mathematics will have to take the blame 
for that. They may have drilled him by making him solve long lists 
of equations like 3x=15, 7x=21, 12x=96, etc., never realizing 
that ability to give the correct results is not a reliable indication of 
understanding. Most likely after solving a few problems the pupil 
forgot all about the equation and merely divided 15 by 3, 21 by 7 
and 96 by 12. The more drill he was given the farther removed 
were his thoughts from the equation. What he really needed was 
less drill and more stress on the uses of the equation. He should be 
given percentage problems leading to .04p=14, circumference 
problems leading to 2rr=14, lever problems leading to 5x=2X7 
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and many other types of problems. In each new situation he should 
give thought to the mathematical relationship and the process to 
be employed in the solution of the equation. Purely mechanical 
imitation and performance should be out of question. The outcome 
will be complete understanding and permanent retention. 

When pupils have had the right kind of teaching it does not fol- 
low that new situations will cause no confusion, but that in gen- 
eral the difficulty will be less serious. Thus, students of trigo- 
nometry may fail to recognize that 2 sin? x—3 sin x+-1=0 isa 
quadratic equation. Hence they may not be able to solve it, al- 
though they may solve 2x*—3x+1=0 without difficulty. The im- 
plication therefore is not that they have been poorly taught but 
rather that they need further experiences to attain complete under- 
standing of a quadratic equation. It is the duty of the teacher of 
trigonometry to contribute his share to bring about this under- 
standing. Each new situation offers an opportunity for a review 
and a new view. 

It has been shown that inability to use secondary school math- 
ematics when needed in other subjects in the high school and 
college and in the more advanced mathematical courses places 
certain responsibilities upon the teachers of these subjects and 
courses, which cannot be evaded by blaming the teacher of high 
school mathematics. Furthermore, some of the problems in the fore- 
going list deal with a type of mathematics which receive practically 
no attention in the lower courses. Thus, the idea of negligible quan- 
tity in problem 8 would have to be derived from measurement for 
which very few schools have the apparatus and other necessary 
facilities. If developed there would be little or no use for it in the 
further study of mathematics. It should therefore be developed in 
the science laboratory when actual need for it arises. Verbal 
problems like that in exercise 7 are generally worked by propor- 
tions, i.e., by algebraic methods rather than by the arithmetical 
method. Whenever teachers of science find that the arithmetical 
method is simple and saves work and time they should take the 
trouble of explaining the method thoroughly to the class. The prob- 
lem in exercise 9 which calls for the value of 314-7 is generally dis- 
cussed in mathematics but there is practically no further use for 
it. Lack of practice will therefore reduce retention. The science 


teachers will have to explain and reteach such problems when 
they occur. 
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Responsibility for problems like the fourth, to find the value of 
432 10-§ 
4X 10° 
processes involved in the solution belong to the study of algebra 

and should be mastered by the pupils. 

The answers to the criticism that students are not able to use 
the mathematics taught in the secondary school may now be sum- 
marized briefly as follows: 

1. The mathematical facts used in science which are not taught 
in mathematics and those which are not sufficiently used in math- 
ematics to help the student attain mastery should be taught or 
carefully retaught by the science teacher. 

2. Non-mathematical terms and situations which occur in other 
school subjects and which are new to the student must be care- 
fully explained to the point where they are thoroughly under- 
stood. Unfamiliarity is often the cause of mathematical difficulty 
and errors. 

3. Teachers of mathematics must provide the widest possible 
applications for the mathematical facts and principles which are 
to be mastered. This may easily be done by correlating the math- 
ematical subjects with each other and with the other school sub- 
jects. The tendency of teaching facts by themselves to the exclusion 
of all other facts is harmful to mathematics. 

The place of mathematics in the changing curriculum.—So far 
attention has been given to criticisms directed against mathe- 
matics. It is not to be inferred that dissatisfaction with education 
is limited to the mathematical subjects. There is a growing de- 
mand for far-reaching changes in the entire school curriculum. The 
schools are being criticized because they have failed to give youth 
and adults an understanding of modern life and social conditions. 
The social science studies in particular are blamed for having 
fallen short of educational objectives. Some critics go so far as to 
say that the money spent on high school education is practically 
thrown away. 

Tendencies are now developing which are expected to secure bet- 
ter results. One is to allot additional time to the social sciences, 
in fact, to make them the most important part of the curriculum. 
The other is to make corresponding reductions of the time allotted 
to other subjects. It is hoped, however, that the time may be re- 
gained by elimination of duplication and overlapping in all sub- 


» rests entirely on the teacher of mathematics. The 
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jects, the social sciences included. Part of the plan is to break down 
the artificial barriers which separate the various high school sub- 
jects and to integrate subject-matter which really belongs together, 
but which has become separated and is being presented in different 
courses. It is expected that this integration will be beneficial to all 
subjects, that it not only will make up for any time reductions but 
also bring about a gain in effectiveness of teaching, and that it will 
create a type of education adapted to modern life and civilization. 

For example, the training in oral and written language may be 
made an important function of every teacher and every depart- 
ment if it is closely tied up with all school subjects and with the 
extra curricular activities of the pupils. The English department 
will no longer assume the entire responsibility for such training. 
It will supplement it and provide organized systematic instruction 
in language whenever the needs become too great to be taken care 
of by the other departments. It will therefore establish close co- 
operation with all of them. 

In the social sciences the plan of integration is to unite into a 
general social science course a large body of instructional materials 
now presented in such separate courses as history, geography, 
economic society, and modern problems. In the natural sciences 
much progress along the lines of integration has been made during 
recent years. General science courses are now thoroughly estab- 
lished. 

Experimentation by high schools with new and reconstructed 
curricula is being undertaken on a large scale. It is being done with 
the consent and even the encouragement of leading colleges and 
universities which removes one of the greatest obstacles to cur- 
riculum reconstruction. Over 200 colleges and universities have re- 
cently agreed to admit pupils coming from the experimental 
schools without requiring the regular entrance examinations. 

It is an interesting historical fact that teachers of mathematics 
were the first to study the problem of breaking down artificial 
divisions which separate the various mathematical subjects. The 
recommendations of the Committee of Ten, of Perry, Klein, and 
Moore, which have been widely and enthusiastically accepted, 
were all advocating some type of correlation. The movement was 
also endorsed by the National Committee on Mathematical Re- 
quirements. Thus, to the teachers of mathematics the development 
of this tendency in other school subjects should be of particular 
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interest. In mathematics it has led to the construction of a variety 
of courses designated as correlated, general, fused, unified, com- 
posite, cooperative and combined mathematics. The differences in 
the names need not disturb one. They indicate different ways of 
attacking the same problem. The common purpose is to gain for 
the subject the advantages to be derived from doing away with 
artificial divisions. 

The greatest progress has been made in the reorganization of the 
courses offered for grades seven and eight. Modern writers do 
not designate textbooks for these grades as arithmetics, algebras, 
and geometries. Such titles as Seventh-Year Mathematics, Modern 
Mathematics, Book I, Junior Mathematics, etc. are the rule rather 
than the exception. Writers of college textbooks also are giving 
much thought to the unification of subject matter in college math- 
ematics. Evidence of this is a list of textbooks for junior colleges, 
such as the Course in Mathematics by Bailey and Woods, Introduc- 
tion to Mathematical Analysis (2 vols.) by Griffin, Elementary 
Functions by Gale and Watkeys, Unified Mathematics by Karpin- 
sky, Benedict and Calhoun, and the two-volume series of Professor 
Mayme I. Logsdon entitled Elementary Mathematical Analysis. 
In this most recent contribution Mrs. Logsdon presents the 
materials of trigonometry, college algebra, and analytical geometry 
arranged with regard to their relations to each other and not in 
the usual ways as three separate and distinct doctrines. The ideas 
of calculus are introduced early. 

Thus, the movement of correlation has gained considerable 
momentum in junior high school and in junior college mathematics. 
Moreover, even the courses designated as “algebra” and “geom- 
etry” contain commonly an abundance of instructional materials 
drawn from the other mathematical subjects. 

It seems therefore that from the standpoint of education in 
general as well as from the standpoint of mathematics the need 
for the correlation of the various mathematical subjects was 
never more apparent than at the present time. Better mathemati- 
cal training will be obtained from the study of mathematics than 
from the successive study of arithmetic first, then algebra and 
then geometry. 

High school science and mathematics have much in common. 
The sciences furnish many helpful formulas which may be used to 
give training in mathematical calculation, graphical representation 
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and functional thinking. History shows that the union of mathe- 
matics and science has been an important factor in the develop- 
ment of both. Many valuable facts and principles of mathematics 
have been discovered by men investigating problems in science. 
Indeed, physics and chemistry are sometimes regarded as branches 
of mathematics. The tendency in education to integrate high school 
subjects should stimulate the correlation of mathematics and 
science. 

The unification of the mathematical subjects—Correlation ex- 
tends to the teacher and student of mathematics certain valuable 
advantages which are lost when each of the mathematical subjects 
is taught by itself to the exclusion of the others. When several sub- 
jects are touched upon it is possible to arouse the interests of a 
large number of pupils. When the simple facts of the various sub- 
jects are brought together at the beginning of a course a psycho- 
logical arrangement is facilitated. Instruction and subject matter 
may be adapted to the ability of the learner. Complexity may be 
increased gradually because the content of each subject is being 
distributed over a longer period of time. The pupils’ rate of prog- 
ress is not too rapid for assimilation. The abstract processes of 
algebra may be made concrete by use of geometric material and 
the use of algebraic symbols is helpful in the study of geometry. 
Since none of the subjects is dropped entirely for any great length 
of time the number of necessary repetitions and reviews is being 
greatly reduced and time is saved. Familiarity with the materials of 
several subjects increases the pupils’ resourcefulness and mathe- 
matical power. 

In view of the foregoing advantages it seems that the movement 
of correlation has not developed as rapidly as should be expected. 
The reason is that certain factors operate heavily against its prog- 
ress. Teachers are naturally conservative in introducing innova- 
tions. Some are afraid that the combination of several subjects 
might increase rather than diminish the complexity and that it 
will introduce additional difficulties in teaching and learning. 
Others admit that there are many points of contact but insist that 
there are phases which make a correlation unnatural and detri- 
mental. Still others fear that the subjects of algebra and geometry 
will lose their individualities, which might endanger the cultural 
values of mathematics. Finally, many teachers believe that thor- 
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oughness is best attained if each subject is studied intensively for 
a long period of time to the exclusion of the others. 

Thus, the unification of the mathematical subjects is being ques- 
tioned. However, the measured results that are available seem to 
favor the plan. In general the investigations that have been made 
establish the fact that the results obtained with combined courses 
are at least as good as those obtained with the separate courses 
when measured with tests in algebra and geometry. However, 
when mathematical power tests are used, as for example tests of 
ability to use and apply mathematics and tests of functional think- 
ing, the results obtained with the combined courses indicate supe- 
riority. 

While the cause of correlation has been greatly promoted by 
some school administrators it has suffered from the opposition of 
others. Teachers anxious to improve their work have complained 
that they are placed on the defensive as soon as they try out the 
new plan. Others report that their principals who formerly criti- 
cized the department severely because the results did not satisfy 
them were loud in objecting to changes, even when they gave prom- 
ise of better results. 

Changes in the curriculum are apt to bring to the surface cer- 
tain administrative problems. The question of transfer is usually 
one of the first to be brought up. However, it should be kept in 
mind that there is enough difference in textbooks in algebra and 
geometry to raise the same question but not much thought is given 
to it because the names of the courses are the same. In justice to 
the pupil every transfer calls for consideration and adjustment. 
Sometimes it is argued that the teachers are not qualified to teach 
the new courses. There seems to be a feeling that a teacher may be 
able to teach algebra and geometry but not be able to teach mathe- 
matics and the fact is overlooked that the correlation does not 
introduce any new mathematical materials. Some administrators 
object to correlation because it might disturb the peace of the 
teaching staff, and still others claim that they are against any 
change because some of the teachers refuse to cooperate in any 
new scheme. None of these arguments need to be taken seriously. 
In reality they are criticisms of the administration rather than 
the teaching staff. Thus, it is very doubtful whether the adminis- 
trator who is willing to excuse the teacher who cannot be induced 
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to improve his courses, will excuse disorder in a classroom because 
he cannot convince the teacher that good order is essential. 

Summary and recommendations.—Secondary education is being 
criticized because it is said to have failed to give an understanding 
of modern social conditions. Attempts are being made to change the 
curriculum to accomplish more satisfactory results. Mathematics, 
like the other subjects, has received its share of criticisms. In 
particular they are: that too large a percentage of pupils fail in the 
subject; that they are unable to retain what has been taught, and 
that they cannot use mathematics when need for it arises in other 
subjects. 

A search of the literature as to recommendations for improving 
mathematics discloses that the best suggestions from which results 
may be expected are found in the recommendations of the Com- 
mittee of Ten, of Perry of England, Klein of Germany, and Moore 
of Chicago. They advised: that systematic instruction be given in 
concrete and experimental geometry and in algebraic symbols and 
simple equations during the period preceding the senior high school; 
that algebra and geometry of this period not be taught as separate 
subjects but in connection with arithmetic; that the useful parts 
of the various mathematical subjects be introduced early; and that 
emphasis be placed on the applications of mathematics in other 
school subjects. 

An outstanding feature of these recommendations is that they 
lean toward the correlation of the mathematical subjects with each 
other and with the natural sciences. Attention was called to the 
advantages of and the objections to the unification of subjects. 
Measured results are favorable to it. 

Mathematics does not stand alone in the attempt to improve 
conditions by the method of unification. Courses in general science 
seem to be well established. A similar tendency is developing among 
the social studies. 

In this period of educational unrest and experimentation teach- 
ers of mathematics cannot afford to be indifferent. Criticisms 
should no longer be waved aside as of little or no importance. 
Where they are found to be justifiable everything possible should 
be done to remove cause for further ciriticism. Where the fault lies 
with the subjects in which mathematics is used, teachers should en- 
list the cooperation of the other departments. 
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An excellent beginning in the reconstruction of mathematics 
has been made in the newer junior high school courses. The move- 
ment deserves the wholehearted support of all teachers of mathe- 
matics. It should be extended to include the work of seventh and 
eighth grades in general, and the content of the courses should be 
standardized. It should form a gradual introduction to the subject 
of mathematics; establish clear meanings of the basic concepts; 
and comprise the mathematics which people in general need to 
know. Geometry should be the unifying element in this introduc- 
tory work. Algebra should be developed as it is found helpful and 
convenient. 

On this foundation the reconstructed upper courses should be 
built. Ample training in arithmetical computation should be pro- 
vided in all courses. Emphasis should be at first on algebra and 
then on geometry. There will be sufficient time to offer the prac- 
tice necessary to attain mastery of the important processes and 
facts. 

Attention should be given to the mathematical needs in the 
other school subjects and every attempt should be made to estab- 
lish the sympathetic cooperation of the teachers. 

From this reconstruction much is to be gained for the courses 
in demonstrative plane and solid geometry. The attacks on the 
traditional courses are gaining in severity. It is said that the 
informational parts of geometry may be more quickly found by 
the intuitive method than by logical reasoning and that the par- 
ticular type of reasoning which is developed with so much effort 
is of little value to people in every-day activities. Indeed it is said 
that it is not even used in the other mathematical courses. Under 
these conditions, it is argued, the course in tenth grade geometry 
cannot be justified much longer, especially with the growing de- 
mand for more emphasis on the social studies. Hence pupils are 
being advised not to elect it if they can avoid it. 

A plan which moves demonstrative geometry upward to the 
junior or senior years has much in its favor. At that level it is pos- 
sible to develop an appreciation of the beauty of logical reasoning 
which builds up a complete system of theorems from a few facts 
taken for granted. Such a course can be made very valuable and 
interesting. It will appeal to students as one of the most interesting 
school studies. Its major aim, however, is not the practical, i.e., to 
acquire geometric information, but the cultural and disciplinary. 
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In a school offering such a course it would be open to juniors and 
seniors only. 

Trigonometry will be in a position similar to that of geometry. 
Some trigonometric ideas will be developed in the early courses, 
but the subject of trigonometry will be reserved for those juniors 
and seniors who have developed a genuine interest in mathematics 
and have shown sufficient mathematical ability to profit from the 
study of the subject. 
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Report of the Committee on Individual 
Differences 





RALEIGH SCHORLING, Chairman 
University of Michigan, Ann Arbor, Michigan 


ORIENTATION. In 1926 the Committe on the Reorganization of 
Secondary School Curricula, of the North Central Association, 
appointed a subcommittee for mathematics. The general purpose of 
this committee concerned the enrichment of high school curricula. 
The committee attempted to list the specific objectives under the 
headings health, leisure time, social, and vocational. 

In March, 1928, the North Central Association Quarterly pub- 
lished a report on mathematics formulated by the subcommittee. 
A revision of the earlier report has recently been published as a 
chapter in a book under the title, High School Curriculum Reor- 
ganization.* 

In July, 1931, Professor L. W. Webb authorized the subcom- 
mittee to investigate the problem as to what students of low ability 
can do in mathematics. In particular the chairman was encouraged 
to add such teachers of mathematics to the committee as might be 
especially interested, and to proceed with the preparation of units 
of work for classroom trial. By this action the existing committee 
was changed to the Committee on Unit Courses in Mathematics 
for Students of Low Ability. 

At the 1932 meeting the National Council of Teachers of Mathe- 
matics created the Committee on Individual Differences and in- 
structed it to investigate ability grouping, differentiated curricula, 
and the like. In May, 1932, Mr. William Betz, President of the 
National Council of Teachers of Mathematics, requested that the 
existing committee operating under the direction of the North 
Central Association assume the assignment made by the National 
Council when it created the Committee on Individual Differences. 
To avoid useless and expensive duplication of effort the committee 
accepted the appointment. Tworeservations were agreed upon: first, 
that a subcommittee be created to study the administrative aspects 
of the problem of individual differences, thus leaving our original 


* L. W. Webb and others (Editors). High School Curriculum Reorganization. Ann 
Arbor, Michigan: North Central Association, 1933. Pp. ix+395. 
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committee free to devote itself to the pedagogical aspects; and 
second, that in the early stages of the work the committee might 
feel free to give special attention to the needs of pupils of low 
ability, though it is obvious that brilliant and average pupils also 
are involved in the problem. 

In November, 1932, the Mathematics Teacher published the 
“Preliminary Report of the Committee on Individual Differences.” 
The present report is not an official one for the whole committee, 
rather it is an illustration and an analysis of the techniques em- 
ployed by various members of the committee in their studies of 
the needs of the dull pupil. 

Definition of the Problem. The phrase “pupils of low ability” 
needs to be defined for every class involved in the investigation. 
The curve of ability in mathematics is of course a continuous one 
from the pupil who perhaps never may learn to count to five to an 
Einstein or a Millikan. When a unit of work is subjected to class- 
room trial it is important that the investigator inventory the hu- 
man material by taking careful measurements of chronological 
age, reading ability, intelligence quotient, computation, and the 
like. In this way only will we have a definition of low ability that 
has meaning. For this reason there is here no attempt at a formal 
definition of the phrase “pupils of low ability.” In general the com- 
mittee has in mind those pupils who are just above the point in 
the scale below which they are commonly classified as mental 
defectives or subjects of special education. In schools in which there 
are efforts at homogeneous groups such pupils comprise the lowest 
ranking section. 

Finally, the phrase “low ability” refers to the abilities employed 
in doing the tasks of the school in a satisfactory way and such as 
are commonly measured by making use of intelligence tests. The 
pupils may be and often are intelligent in many other important 
tasks. The important fact is that they sit in our classes and are 
promoted semester after semester, but do not appear to achieve a 
worthwhile degree of mastery of the subject matter taught. The 
problem of the committee is to provide materials that this group 
can do with greater profit and satisfaction, and to suggest a ped- 
agogy that is more appropriate. 

Importance of the Problem. There are a great many factors that 
make this problem one of the most important now facing the 
teacher of mathematics or any other school subject. 
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First, the ideals of the American secondary school—perhaps the 
greatest educational experiment ever undertaken—aim to provide 
for every citizen an introduction to a liberal education to the ex- 
tent that he can achieve. 

Second, in practice we have a new philosophy of education 
which is concerned with the normal growth of every individual 
child and which strives to provide the most desirable setting for 
each personality. One of the practical outcomes of this philosophy 
is that the passing mark as concerns achievement in secondary 
schools has become a myth and the only criterion that remains 
especially significant in promotion from grade to grade is chrono- 
logical age. As a result we have an enormous piling up, in the 
later grades of the secondary school, of educational laggards. But 
there is no evidence so far as I know that the situation is any worse 
in mathematics than in other school subjects. A competent teacher 
of world history, Latin, or the commercial subjects will admit that 
he is not achieving very much with tenth and eleventh grade 
children who have reading skills typical of the average pupil in the 
fourth or fifth grade. 

Third, although the pupil may receive failing marks it is reason- 
able to assume that he may have enough ability to realize that he 
is not getting anywhere. In brief, the situation may have in it all 
the bad effects of the fear of failure, which psychologists have so 
clearly described. Public-spirited citizens who are concerned with 
the rising tide of crime, or at any rate with the increasing number 
of inmates of our prisons, suggest that the secondary school is re- 
sponsible so long as it fails to meet the needs of the vast number 
that now are unadjusted to the curricula. 

Fourth, the investigational technique of solving the problem of 
the slow student is all the more important in these dark days when 
communities, driven by fear and despair, grasp at extreme solu- 
tions. In many cities fixed charges on bonds that should never 
have been issued consume most of the money available for public 
services. To the taxpayer who has lost his home, largely because 
of excessive taxes, there seems to be little money for the support 
of schools. 

The school people face the problem of modifying the curricula. 
Conservative representatives of the public advise them to return 
to the fundamentals; that, in general, means the three R’s in the 
elementary grades and Latin, mathematics, and the formal sub- 
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jects in the high school. If this conservative position prevails, the 
mathematics teacher can go about his task. On the other hand, 
there are critics of public education who insist that the newer 
subjects more nearly meet the needs of a changing world and that 
if the curriculum is to be reduced it would be better to trim out 
the things that should have been discarded long ago. If this posi- 
tion happens to appeal to a school board, mathematics must 
give way to fine arts, music, the social studies, and so on. 

At any rate we are entering a period when every subject in the 
curriculum will be subjected to the severest type of criticism in 
many communities, and mathematics is already under fire in many 
places. 

I have no sympathy with those who advocate eliminating the 
fads and frills. What is a fad for one pupil may be the salvation of 
an adjusted pupil of a wholly different type. Moreover, the fads 
and frills may turn out to be the avocational interests to save us in 
an immediate future characterized by excessive leisure time. If 
there were the slightest evidence that other school subjects had 
more to offer the slow* student than mathematics this association 
should be the first to urge that mathematics give way to the new 
subjects. But such evidence does not exist. There are cities that 
are attempting to meet the needs of the slow pupil by assigning 
him two or three hours of industrial arts in his daily program, but 
I have not learned of any competent teacher of the general shop 
who believes that this practice offers a sound solution. I believe 
that the American secondary school has not placed enough em- 
phasis on some of the newer subjects, such for example, as health, 
fine arts, the general shop, and mathematics, but I deny that the 
solution for the slow student lies in sweeping out mathematics and 
substituting less well organized material. One may note that the 
subject matter of both health and character training so far de- 
veloped does not appear to have a direct appeal to pupils, either 
bright or dull, which suggests that the task of finding appropriate 
materials in these new subjects may turn out to be far more difficult 
than it is in mathematics. Sooner or later the new subjects will 
probably be driven to the type of basic investigation of pupil 
response which your committee is recommending. 


* The word “slow,” commonly employed by teachers, is used here not to de- 
scribe reaction time, but in the technical sense of “dull.” 
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In the last fifteen years mathematics teachers have taken high 
rank as a group that was willing to readjust their work to the 
changing needs of children. The work of the National Committee 
was a milestone in the history of American secondary education. 
It is to be hoped that again mathematics may be willing, in these 
days when research funds are disappearing from both University 
and municipal budgets, to pay the price by cooperative effort and 
to attack this problem of the dull student by the technique of in- 
vestigation and experimentation. 

Fifth, whether these pupils should be in school is an academic 
question. The fact is that they are here in our classes. We cannot 
get them out of the school and even if we could they could not find 
positions. Witness the fact that in Michigan alone in 211 North 
Central schools in the school year 1932-1933 there were 5,152 grad- 
uates back in high school for their thirteenth year of schooling. 
Vast numbers of boys who were tramping the roads are now housed 
in the army camps. You and I know that such a plan, while per- 
haps far better than what was happening, can never stop there. 
The public will almost certainly be driven to provide another set 
of schools for these vagrants. In brief, we cannot even get rid of 
our laggards by graduation. The sensible thing to do is to design 
curricular materials that will fit their needs. If we fail to provide 
for the youth that is cast out of school and is rejected by industry 
we shall almost certainly be setting the stage fora Hitler in America. 

The Method. The only way we can do this, I think, is through 
classroom investigation. Three steps are proposed. 

1. We must mobilize our experience and whatever we may have 
learned from reading the special psychology involved, and list in 
simple fashion some of the guides to learning that we will employ 
in the creation of the material for the slow student. 

2. We need to create a great variety of units that promise to 
contribute something to the solution of the problem. 

3. We need to test each unit by classroom trial on the basis 
of a systematic record of pupil responses. This record will include, 
among other things, the experience and training of the teacher, 
a careful inventory of the human material represented by the 
children, how much the pupils know when they started the work, 
what they knew and what they were able to do when they com- 
pleted the work, and whether or not they enjoyed the work. These 
are some of the facts that we should like to collect, not solely on 
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the basis of teacher opinion, valuable as that is, but on the basis of 
a systematic record. 

Important Leads on the Special Psychology. The special psy- 
chology of the pupil of low ability in the secondary school has never 
been written, but for a working basis the following tentative guides 
are suggested. 

1. Recognize the fact that your pupils have very low ability in 
reading It would not be very much of an exaggeration to say that 
they can’t read. (Ample evidence for this statement will be pre- 
sented later in this report.) 

2. Directions for pupils as well as any other material that you 
wish pupils to read must be written in simple English. The phrase 
“simple English’? does not confine you to short sentences and 
short words. 

3. Meaning for the slow pupil must run ahead of verbal state- 
ments and symbolism. If you wish the slow pupil to understand a 
word, a phrase, or a symbol you must provide definitely that he 
live through some experience as a basis for the meaning of the 
word. 

4. In dealing with slow groups the conventional classification 
of subject matter by grades is futile. A unit of work may be quite 
as difficult for slow groups in the ninth grade as for slow groups in 
the seventh grade. The explanation in part lies in the overlapping 
of reading ability and intelligence. (Evidence on this point will be 
presented later in this report.) 

5. Delay the teaching of a task to a slow pupil as long as is 
feasible. Remember that a slow student is mentally immature and 
may do successfully and with satisfaction the simpler tasks of an 
earlier grade. It may be that the solution to the problem of dealing 
with slow pupils in the eighth grade can be found if we supply them 
with arithmetic books written for grades three and four, under a 
cover labeled “Mathematics for the Eighth Grade.” Maturity 
and added experience will make easy many tasks that now are 
difficult. In brief, the principle of delay is very important. 

6. Remember that the slow student usually is afraid of mathe- 
matics. Try to secure the cooperation of the home so that parents 
will in incidental moments picture mathematics as being desirable. 
The unfavorable attitude towards mathematics may have been 
fixed by casual remarks to which parents attached no particular 
importance. Tactful comments on the part of cooperating parents 
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can lead children to picture mathematics as being desirable rather 
than a spot that children should dread. 

7. In directing the study habits of a slow pupil try to substitute 
a definite goal for intentions that are usually good but vague. 
Probably no one trait is more characteristic of the slow student 
than the aimlessness of his moves in attempting to study. Try to 
get him to do something that is definite. 

8. Increase the practice in making reasonable estimates of the 
answers to his problems. Common-sense estimates as guides are 
important for all pupils, but are especially valuable in cutting 
down the number of false starts for slow students. 

9. Do not assume that the slow pupil is a lazy pupil. All of us, in 
teaching very dull pupils, have observed their great interest in 
doing something that they can master. It is pathetic to see the 
effort that slow pupils put forth, perhaps even on tasks not worth 
while for them, in order to achieve success and approval. 


TEST ON UNIT I 


1. Study this figure: 


ZX ? \y \ 
Bi £2 


Complete the following: 














(1) is an obtuse angle. 
(2). is a right angle. 
(3) is & straight angle. 
(4) is an acute angle, 
2. Complete: A degree is_...... part of a complete turn. 
3, In this spece draw an angle | 4. In this space draw an an- 
of 37°, gle of 112°, 
5. Bill read the angle in this figure as c 


Z ABC; the next time he said / BxC; and 

the next time he called it / B. You 

write on these blanks what Bill should 

have said: A - 


on or. = 











er 
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6, Look at each angle in this figure and estimate its size, 
Write the estimates here: 


ff ows 


oe 


a= degrees c= degrees 
v= degrees d degrees 
7. With your protractor measure each angle in the figure for 
Exercise 6, Write your answers here: 
a= degrees Cc 
b= degrees d 
8. Study this figure and complete: 


x9 + yO 4+. 2°= 
y Im 


*9, Study this equilateral triangle and complete, 




















degrees 
degrees 











{x= —__.____40grees 
Ly =—_______Gegrees 
£s= —______degrees 





Linh 


10. How many degrees are there in the third angle of a trf- 
angle if one angle is 40° and another angle is 65°? 





Space will not permit us to submit samples of the unit. The im- 
portant fact to note is that throughout it was constructed according 
to the specifications suggested in the preceding section. It is be- 
lieved that the reader will obtain an adequate notion of the subject 
matter by inspecting the examination on the ‘‘Unit on Angles.” 

10. Organize the material so that each step is very small. For 
the slow student the subject matter needs to be broken up into 
tiny bits. This does not mean that the items may not be related or 
even organized in a project lasting two or.three weeks. The slow 
mind cannot leap gaps; the pupil must be able to measure his suc- 
cess step by step. 
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11. The material must be characterized by activities. The ob- 
serving teacher notes that the slow pupil is often very competent 
in doing things. He may turn in a notebook with excellent drawings 
or collections. In mathematics he may make an excellent transit 
with a mechano set. The scores on psychological tests administered 
to representatives of various trades and professions during the 
World War suggest that doing tasks that involve motion are far 
lower in difficulty than such abstract tasks as reading and under- 
standing the meaning of a paragraph. 

12. Emphasize visual aids. Other things being equal, a mathe- 
matics problem that is accompanied by a graphic picture is more 
easily understood and appreciated by the slow student. Mathe- 
matics teachers are particularly fortunate in dealing with slow 
groups because of the extent to which charts, diagrams, graphs, 
models, and numerous other graphic techniques can be used. 

13. Every class period should be characterized by variety. The 
span of attention for the slow pupil is very short. We must see to it 
that physically and mentally the slow pupil does a great many dif- 
ferent tasks in an hour period. 

14. Realize that drill alone will never get you anywhere. It is 
probable that the slow pupil needs more repetition to set up an 
association because he is usually so little motivated. Also, it seems 
that the slow pupil forgets very rapidly. But it is probably a fallacy 
to assume that we can solve our problems of teaching mathematics 
to slow groups by limiting the materials to abstract drills on the 
fundamentals. We shall later report data showing that forgetting 
does not set in so very fast provided the initial level of mastery has 
been driven high. 

15. Limit the data on a problem situation to very simple compu- 
tations. Do not assume that slow pupils can in general apply the 
fundamentals to common fractions and decimals. As one investi- 
gator pointed out, “their division is fearful.’’ As an outcome of in- 
vestigation by a subcommittee in Detroit we now know more 
about the difficulty to which the data should be held if pupils of 
low ability are to do the computation successfully. These data ap- 
pear in an unpublished masters thesis filed in the library of the 
University of Michigan. 

16. Every unit of work for the slow student should contain a 
purpose that a slow pupil can understand, accept, and appreciate. 
I do not expect the slow pupil to be a self-starter. (We shall later 
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present evidence supporting the position that we are not aiming at 
a hopeless goal when we strive to have a large per cent of slow stu- 
dents enjoy mathematics.) 

The preceding brief list is merely an illustration of what we must 
do in great detail as a basis for our experimental work. Bringing 
together the thought of experienced workers should result in an 
extensive list of guides that should be helpful to experimental 
workers with slow pupils. One is tempted to conclude from the 
preceding list that teaching slow pupils may turn out to be nothing 
more than supremely good teaching. 


REPORT ON A UNIT ENTITLED “‘A Stupy oF ANGLES”’ 


A unit consisting of fifteen pages dealing with angles was pre- 
pared. This represented an effort to apply some of the psycholog- 
ical principles that have been listed in the preceding section. It was 
taught to four classes consisting of 143 seventh grade pupils in 
Flint, Michigan. One class was chosen in each of four schools. The 
unit was also taught to 127 children in Detroit, 41 pupils being in 
a slow group in the 7A grade, 39 in a medium group in the 7A 
grade, and 37 pupils in a slow group of the 9B grade. All groups 
took an examination on the unit at the end of the teaching period. 

1. As measured by the mastery of simple tasks commonly shown 
by unselected groups the achievement of these slower pupils is very 
high. There is here clear evidence to support the thesis that dull 
pupils can learn academic tasks and learn them at a very high level 
of achievement. 

2. Of the three Detroit groups the slow seventh grade turned in 
the highest per cent of correct responses. Note especially that the 
average per cent of correct responses for the slow ninth grade 
group was 63.2 per cent in contrast with 66.6 per cent for the slow 
seventh. It should be added that both groups had the same teacher. 
She spent fourteen days with the slow seventh grade, and ten days 
with the slow ninth grade. 

3. The rate of forgetting does not appear to be so great for the 
slow student, once mastery is driven to a high level. The Flint 
group took a second test concerning which Miss Nellie Loss, the 
supervisor of mathematics, reports as follows: 

The test on angles was given when the unit was finished. The same test was given 


about five weeks later on the last day of the semester. This was after the final ex- 
amination. No teacher knew that the test was to be given again, so no one can be 
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Detroit Group 


accused of preparing the children for the test. Some review work had been done, of 
course—as on the other units of work. Some classes gained, some lost, but the net 
result was practically the same, 74.51 per cent correct responses by the whole group 
on the first test, and 74.48 per cent correct responses on the second test. 


The following table shows to the nearest tenth the per cent of 
correct responses for each group: 


PER CENT OF CORRECT RESPONSES BY DULL PupILs TO TEST ON THE UNIT ON 
ANGLES 




















Juestions | i. 7 , 
Questions | Grade 7 (slow) | 7A (slow) 4 dium) 9B (slow) 
First a —. Test! 41 pupils 29 pupils | 37 pupils 
1. (1) | 81.3 81.9 85.4 89.8 86.5 
(2 90.3 92.4 92.7 97.4 83.8 
(3) 93.8 95.8 92.7 100.0 83.8 
(4) 81.3 85.4 87.9 92.3 83.8 
Z 55.6 50.7 43.9 35.9 59.4 
3 86.8 89.6 87.9 71.8 70.2 
4. 79.9 81.9 82.9 66.7 64.9 
5. £BAC 75.0 76.4 82.9 79.5 86.5 
ZA 65.3 64.6 75.6 79.5 83.8 
ZX 75.0 69.4 56.1 71.8 54.1 
6. a 79.9 79.9 68 .3 74.4 72.9 
b i | 79.9 56.5 53.8 45.9 
c 63.2 58.3 56.1 35.9 48.6 
d 51.4 46.5 56.1 14.5 24.3 
i @ 89.6 93.1 ye 82.0 78.4 
b 81.3 88.9 73.2 58.9 62.2 
c 71.9 68.1 43.9 71.8 48 .6 
d 59.0 53.5 46.3 28.2 35.1 
8. 70.4 74.3 46.3 23.2 51.4 
9. x 1.5 74.3 14.6 10.3 24.3 
y 65.3 64.6 
Zz 66.0 69.4 
10. 78.5 74.3 73.0 58.9 78.4 
Average 74.51 | 74.48 66.6 61.8 63.2 









The pupils. The following table presents a summary of certain 
important measures of pupils in the Flint schools who served as 
subjects in this investigation. 
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The important facts shown are: 

1. In School A there was not a single pupil out of 36 who had an 
1.Q. of 100 on the Terman Test. The average for the whole group of 
143 pupils is 88.8. The range was from 69 to 120. Although it is 
not shown in the summary table, the fact is that there were only 
14 pupils (7 per cent) with I.Q.’s above 100. 

2. The chief difficulty undoubtedly lies in the reading problem. 
The reading ability of the whole group can be described as being 
approximately that of an average pupil in the middle of the fifth 


Measure School A | School B | School C | School D | Total 





1.Q. 
Average 85.1 94.3 86.7 89.1 | 88.8 
Range 70-98 76-110 70-108 | 69-120 | 69 120 
Test Terman Stan. & | Stan.& | Stan. | 
| Terman | Terman | 
| | 
Reading Ability | 
Grade average an Bae | $2 | Sa 5.45 
Range 3.6-7.0 | 3.8-7.8| 4.1-6.4] 3.3-8.7 3.3-8.7 
| | 1 
| | 
Age at Time of Angle | 
Test | | | 
Average... 44 | 134 13-9 | 13-5 13-8 
Range... 11-9to | 12-4to | I1-1to | 12to | 11-1to 
16-5 |} 15-7 16-0 | 16-10 16-10 
Sex | 
Boys...... 19 | 15 18 | 21 | 73 
ae 17 | 14 21 | 19 | 71 
| | 
Repeating | | 
ae 2 | 2 - } 1 5 
Twice } 2 - . 
Schorling-Clark-Pot- | 
ter 100 Problem Test | Average 
Median.... 30.4 |} 45.7 34.4 | 30.0 | 39.1 
Range.... 2-75 4-63 9-77 |} 12-71 | 2-77 
Correct Responses on | | 
Angle Test | 
a | @ece |} 14.3 20.1 | 7.4 17.4 
Percent. : wae | 62.5 87.4 | 4 | 7.$ 
7-21 12-23 6-22 3-23 


Range | 3-23 | 7-2 





school year. In School D the range in reading is from the third 
month of the third school year to the seventh month of the eighth 
school year. Incidentally, let us note that there is a decided problem 
of individual differences in dealing with a group especially selected 
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on the basis of low ability when there is a span of more than five 
years in reading ability. 

The records for individual pupils show that in the whole group 
of 143 pupils there were only 3 who had eighth grade ability in 
reading and 6 who had seventh grade reading ability; whereas 13 
pupils were classified as sixth grade readers, 71 as fifth, and 38 as 
fourth grade readers, while 5 were at only the third grade level. For 
six pupils we did not receive a reading score. . 

In a class of 39 pupils in School C, there was not a single pupil 
who read at the seventh grade level. In fact, there was only one who 
could be classified as a sixth grade reader. 

3. The number of pupils repeating the course is very low. Five 
pupils were taking the course for the second time and only two 
were taking it for the third time. In spite of the philosophy of edu- 
cation by which the chief factor of promotion appears to be chrono- 
logical age there is a range as regards chronological age in the whole 
group from 11 years and 1 month to 16 years and 10 months. 

4. The average achievement (35.1 problems) is not much lower 
than the norm for seventh grade pupils, (39.8) given in the manual 
of a computation test consisting of 100 simple problems. The ex- 
planation probably is that these pupils are in very good junior high 
schools, where special attention to classification is given, and the 
teachers have had specific training for junior high school mathe- 
matics and have the advantages of competent supervision. Again 
we may observe that the problem of individual differences within 
a slow group may be a very difficult one by noting that the range 
on the 100 problem test is from 2 to 77. The most competent pupil 
in the group can produce in an hour more than 35 times as many 
correct answers as the slowest worker. 

5. Finally, we may note the correct responses to the test on the 
unit dealing with angles. The test consisted of 23 questions. The 
average achievement of the gro 17.4 problems (76.5 per cent) 
with a range from 3 to 23. 

The next table shows the c: «sification in the three Detroit 
groups by intelligence. By means of the Detroit test pupils are 
classified in order to secure one of the criteria used to form homo- 
geneous groups as A, A—, B+, B, etc., to the lowest grouping, E. 
An inspection of the table suggests that the Detroit pupils in the 
two low sections, like all the Flint pupils, were in the lowest ranking 
group above those assigned for special education. The highest 
group represented in the class of medium pupils is C+. 
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CLASSIFICATION OF 117 PUPILS ON THE DETROIT INTELLIGENCE TEST 

















Group A |A-|B+| B|C+| C lc-|D|£ 
9B (Slow) | 8 | 7} 10| 12 
7A (Slow) 6} 15] 12] 8 
7A (Medium) 12} 22] 2| 3 








Data regarding reading ability and other important measures 
that should be secured in every investigation of the committee are 
here omitted, since the Flint data are perhaps adequate to illus- 
trate the technique employed. 

Pupil Appreciation of the Unit. It was the purpose of the com- 
mittee to secure materials that are not only profitable to slow 
groups but also interesting enough to be studied by the dull pupils 
with satisfaction. The next table suggests the extent to which the 
unit on angles was enjoyed in the classes investigated. Pupils were 
asked to respond to a check list which appears in the following table 
along with a summary of pupils responses. 


PER CENT OF Pupits INDICATING CERTAIN RESPONSES TO THE UNIT ON ANGLES 























Flint | Detroit 
Response 
9B (Slow) | 7A (Slow) |7A (medium) 
[like it very much 65.7 56.7 33.3 51.1 
I like it much. 7.0 13.5 29.7 } 24.0 
I like it all right. 17.4 8.1 15.0 9.6 
like parts of it 9.1 16.2 19.5 | 12.0 
I don’t like it 0.7 5.4 2.6 | 2.4 
I hated it. 0.0 0.0 0.0 0.0 








It is recognized that a questionnaire of pupil enjoyment involves 
many unreliable factors such, for example, as the tendency of pu- 
pils to win approval of the teacher through an expression of ap- 
preciation. Nevertheless, to one experienced with very dull pupils 
the results seem significant. Of the 221 slow students in Flint and 
Detroit, 136 or 62 per cent said that they ‘‘liked the unit very 
much,” 161 or approximately 73 per cent said they liked the unit 
‘“‘much’’; there was no pupil who said he “‘hated”’ it, and only 4 or 
1.8 per cent stated that they ‘didn’t like it.” 

Time Spent in Teaching the Unit. 1 am convinced that in all 
classroom experimentation of curricular problems we need to keep 
a record of the time spent in teaching the unit. The range in the 
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time used in Flint classes was from 7.4 to 14.2 clock hours. The 
Detroit teacher spent ten days with the slow 9B group, fourteen 
days with the slow 7A, and ten days with the medium 7A. 

The Teachers. It is obvious that the teacher is an important fac- 
tor in a classroom study. The investigation involved five teachers, 
all of them with special training for teaching junior high school 
mathematics. The minimum amount of training was that repre- 
sented by the completion of the introductory courses in the calcu- 
lus. All of them had had at least three years of experience teaching 
junior high school mathematics. The two teachers that I know 
personally are unusual teaching personalities. Two of the five 
teachers had not completed the work for the A.B. degree, one has 
the A.B. degree, one is a graduate student with an A.B. degree in 
the field of special education, and the fifth has almost completed 
the work for her Master’s degree. 

It is believed that the committee might well draw up a standard 
form to be used in listing the important factors we should know 
about teachers that hereafter will participate in the investigation. 

Summary of Techniques. The steps employed in the present study 
were: 

(1) Making a careful inventory of the human material in a class of 
dull pupils by securing significant measures, intelligence, reading 
ability, etc. 

(2) Selecting a body of subject matter for which there is a reason- 
able chance that it can be learned by dull pupils. 

(3) Writing the specific objectives of the unit, skills, items of 
information and dispositions. 

(4) Constructing a test for the unit to cover the specific objec- 
tives for which measures can be designed. 

(5) Listing the specifications or guides to learning that need to 
be kept in mind in dealing with dull pupils. 

(6) Constructing the unit of subject matter according to the 
specifications. 

(7) Teaching the unit with the greatest skill and care possible, 
all the while keeping a systematic record of significant observa- 
tions. 

(8) Testing the pupils at the end of the unit. 


(9) Testing at intervals to measure the rate and extent of for- 
getting. 
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Future Work of the Committee. A very small beginning has been 
made. The committee has agreed that a unit would need to be used 
under a great variety of conditions. For example we are desirous 
this next semester to find out whether the made-over football coach, 
and the persons who erstwhile taught guidance and fine arts, can 
achieve the brilliant results reported here. Obviously many other 
units need to be constructed and tested. Finally, the techniques 
need to be extended and refined. 
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The following issues of the Mathematics Teacher are still 
available and may be had from the office of the Mathematics 
Teacher, 525 West 120th Street, New York. 


Vol. 14 (1921) Jan., Feb., April, May. 

Vol. 16 (1923) Feb., May, Dec. 

Vol. 17 (1924) April, May, Dec. 

Vol. 18 (1925) April, May, Nov. 

Vol. 19 (1926) May. 

Vol. 20 (1927) Feb., April, May, Dec. 

Vol. 21 (1928) Mar., April, May, Nov., Dec. 

Vol. 22 (1929) Jan., Feb., Mar., April, May, Nov., Dec. 
Vol. 23 (1930) Jan., Feb., Mar., April, May, Nov., Dec. 
Vol. 24 (1931) Feb., Mar., April, May, Oct., Dec. 

Vol. 25 (1932) Jan., Feb., Mar., April, May, Oct., Nov., Dec. 
Vol. 26 (1933) Jan., Feb., Mar., April, May, Oct. 


Price: 25c each. 




















Second Report of the Committee on Geometry* 





By RALPH BEATLEY 
Harvard Graduate School of Education 


THE FIRST REPORT of this committee appeared in The Mathe- 
matics Teacher for November, 1932. Since then the committee has 
been enlarged so that it now comprises twenty-six members, as 
follows: 


Miss Gertrude E. Allen, 122 Maple Street, Reno, Nevada 

Professor Altschiller-Court, University of Oklahoma, Norman, Oklahoma 

Mr. C. M. Austin, Oak Park High School, Oak Park, Illinois 

Professor Ralph Beatley (chairman), Harvard Graduate School of Education, Cam- 
bridge, Massachusetts 

Mr. R. P. Conkling, 31 North Tenth Street, Newark, New Jersey 

Dr. E. B. Cowley, 913 Arch Street, North Side, Pittsburgh, Pennsylvania 

Mr. George W. Evans, 107 Ocean Street, Lynn, Massachusetts 

Professor G. W. Finley, Colorado State Teachers College, Greeley, Colorado 

Mr. Leaonard Haerrter, John Burroughs School, Route 2, Box 1021, Clayton, Mis- 
souri 

Miss Martha Hildebrandt, Proviso Township High School, Maywood, Illinois (808 
South Second Street, Maywood, Illinois) 

Mr. Joseph Jablonower, Fieldston School, Fieldston Road and Spuyten Duyvil 
Parkway, New York City 

Miss Mary Kelly, Hillcrest 3F, Wichita, Kansas 

Mr. L. W. Lavengood, Central High School, Tulsa, Oklahoma 

Mr. Joseph P. McCormack, 2659 Briggs Avenue, Bronx, New York 

Mr. A. Brown Miller, Fairmount Junior High School, Cleveland, Ohio 

Miss Letitia R. Odell, North High School, Denver, Colorado 

Professor Winona M. Perry, The University of Nebraska, Lincoln, Nebraska 

Miss Vera Sanford, State Teachers College, Oneonta, N. Y. 

Mr. Albert J. Schwartz, Cleveland High School, St. Louis, Missouri 

Mr. George H. Selleck, The Phillips Exeter Academy, Exeter, New Hampshire 

Professor J. Shibli, Pennsylvania State College, State College, Pennsylvania 

Mr. Rolland R. Smith, Central High School, Springfield, Massachusetts 

Mr. W. O. Smith, South High School, Cleveland, Ohio 

Mr. E. H. Taylor, Eastern Lilinois State Teachers College, Charleston, Illinois 

Professor C. B. Upton, Teachers College, Columbia University, New York City 

Mr. H. E. Webb, 12 Irving Place, Summit, New Jersey 


The committee has completed the first item on its plan of action, 
the assembling of as many as possible of the suggestions which have 


* Presented to the National Council of Teachers of Mathematics at its Annual 
Meeting in Minneapolis on February 24, 1933. 
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been made since 1900, or thereabouts, concerning the teaching of 
geometry, both intuitive and demonstrative. These suggestions 
were gleaned from articles on geometry in periodicals, reports, 
books on method (domestic and foreign), dissertations, and class- 
room texts (domestic and foreign). The following list shows the 
scope of the material examined: 


The Mathematics Teacher, 1921-32. 

The Yearbooks of the National Council of Teachers of Mathematics. 

Report of the Committee of Ten, 1893. 

Report of the N.E.A. Committee on College Entrance Requirements, 1899, with 
particular reference to the report of the sub-committee on mathematics (ap- 
pointed by the A.M.S.). 

Report of the National Committee on the Reorganization of Mathematics in Sec- 
ondary Schools, 1922. 

Document 108 of the College Entrance Examination Board, 1923. 

The Teaching of Geometry in Schools (A report). London. G. Bell and Sons, 1923. 

(The report of the joint committee of the Mathematical Association of America and 
the National Council of Teaching of Mathematics, presented at Detroit in 1931 
by Professor Dunham Jackson, and the report of the National Council’s Com- 
mittee on Geometry, presented at Detroit in 1931 by Mr. C. M. Austin, were 
included in the articles reviewed in The Mathematics Teacher.) 

SuitH, D. E. The Teaching of Geometry. Ginn, 1911. 

Youne, J. W. A. The Teaching of Mathematics. Longmans, Green, 1906, 1924. 

ScHULTZE, A. The Teaching of Mathematics in Secondary Schools. Macmillan, 1912. 

LaIsant, C. A. Mathematics. Constable, London, 1913. 

Youn, J. W. Fundamental Concepts of Algebra and Geometry. Macmillan, 1911. 

Evans, G. W. The Teaching of High School Mathematics. Houghton Mifflin, 1911. 

Carson, G. St. L. Essays on Mathematical Education. Ginn, 1913. 

GopFrey and Smppons. The Teaching of Elementary Mathematics. Cambridge Uni- 
versity Press, 1931. 

Westaway, F. W. Craftsmanship in the Teaching of Elementary Mathematics. 
Blackie and Son, London, 1931. 

HassLer and Smitu. The Teaching of Secondary Mathematics. Macmillan, 1930. 

Cayort, F. The Teaching and History of Mathematics in the United States. Bureau of 
Education, Circular of Information No. 3, 1890. 

Stamper, A. W. History of Teaching Elementary Geometry. Teachers College, Colum- 
bia University, 1909. 

Tovuton, F. C. Solving Geometry Originals. Bureau of Publications, Teachers Col- 
lege, Columbia University, 1924. 

PERRY, WINONA M. A Study in the Psychology of Learning in Geometry. Teachers 
College, 1925. 

SHIBLI, J. Recent Developments in the Teaching of Geometry. York, Pennsylvania, 
1932. 

Crark, J. R. Mathematics in the Junior High School. Gazette Press, 1925. 

SmitH and REEvE. The Teaching of Junior High School Mathematics. Ginn, 1927. 

LretzMaNnn, W. Methodik des mathematischen Unterrichts. Leipzig, 1926. 
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LIETZMANN, W. Aufbau und Grundlage der Mathematik. Teubner, 1927. 

Smon, Max. Ueber die Entwickelung der Elementargeometrie in XI1Xten Jahrhun- 
dert. Teubner, 1906. 

BECKER, J. KARL. Zur Reform des geometrischen Unterrichts. Wertheim, 1880. 

(The committee is not unmindful of the store of information contained in 

Heatu, T. L. The Thirteen Books of Euclid’s Elements. Cambridge University Press, 
1908. 

ENRIQUES, F. Questioni riguardanti le matematiche elementari. Bologna, 1924, 1925. 

ENRIQUES, F. Gli Elementi d’ Euclide e la critica antica e moderna. Rome, 1924. 

and hopes to avail itself of these sources later.) 


The committee has reviewed the following school texts. 


SPENCER, W. G. Inventional Geometry. American Book Company, 1876. 
NicnHoLs, E. H. Elementary and Constructional Geometry. Longmans, Green, 1896, 
1902. 
CAMPBELL, W. T. Observational Geometry. American Book Company, 1899. 
Fartor, I. N. Jnventional Geometry. Century, 1904. 
Heprick, E. R. Constructive Geometry. Macmillan, 1917. 
Smitu, E. R. Plane Geometry, Syllabus Method. American Book Company, 1909. 
Betz and Wess. Plane Geometry. Ginn, 1912. 
Younc and Scuwartz. Plane Geometry. Holt, 1915. 
SuutTts, G. C. Plane and Solid Geometry, Suggestive Method. Atkinson, Mentzger, 
1916. 
REEVE, W. D. General Mathematics, Book II (principally Geometry). Ginn, 1922. 
SmiTH, R. R. Beginners Geometry. Macmillan, 1925. 
McCormack, J. P. Plane and Solid Geometry. Appleton, 1928. 
MorGAN, FOBERG, BRECKENRIDGE. Plane Geometry. Houghton Mifflin, 1931. 
Cow ey, E. B. Plane Geometry. Silver Burdett, 1932. 
Sm1TH, REEVE, Morss. Text and Tests in Plane Geometry. Ginn, 1933. 
. * * * * 
HeEnricl, O. Congruent Figures. Longmans, Green, 1891. 
Goprrey and Sippons. A Shorter Geometry. Cambridge University Press, 1921. 
Carson, G. St.L. and Smitu, D. E. Plane Geometry. Ginn, London, 1915. 
Hatt and STEVENS. A School Geometry. Macmillan, 1928. 
DurRRELL, C. V. Elementary Geometry. G. Bell and Sons, London, 1932. 
* * * * o 
MEray, C. Nouveaux éléments de géométrie. Dijon, 1874, 1903. 
Boret, Emre. Eléments de mathématique, II, géométrie. Paris, 1909 circa. 
HADAMARD, J. Lecons de géumétrie élémentaire. Colin, 1911, 1922. 
CHENEVIER et DESBROSSES. Géométrie. Hachette, 1922. 
CHENEVIER. Précis de géométrie plane (classes de 4°, 3°). Hachette, 1925. 
CHENEVIER. Cours de géométrie (classes de 2°, 1'*). Hachette, 1927. 
Bour.eT, Cours abrégé de géométrie. Hachette, 1928. 
* * * . * 
BECKER, JOHANN Kart. Die Elemente der Geometrie auf neuer Grundlage streng de- 
duktiv dargestellt. Berlin, 1877. 
HENRICI UND TREUTLEIN. Lehrbuch der Elementar-Geometrie. Leipzig, 1897,1901. 
MAuHLER, G. Ebene Geometrie. Leipzig, 1906. 
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BEHRENDSEN und Goérttinc. Lehrbuch der Mathematik nach modernen Grundsdtzen 
(fiir hdhere Madchenlehranstalten). Leipzig, 1909. 

Matscu-MAEyY-SCHWERDT. Zahl und Raum. Quelle und Meyer, 1927. 

Reipt, F. Die Elemente der Mathematik (111. Stereometrie). Berlin, 1868. 

Reipt-Wo.rr-KeErst. Elemente der Mathematik. Berlin, 1930. 


. * * * * 
CIAMBERLINI. Misurazione. Paravia, 1923. 
ENRIQUES e AMALDI. Nozioni Intuitive di Geometria. Zanichelli, 1928. 
ENRIQUES e AMALDI. Geometria Elementare, (piana). Zanichelli, 1929. 
VERONESE. Elementi di Geometria. Draghi, 1910. 


It is not possible to give here in detail the ideas which Miss 
Hildebrandt, Mr. Schwartz, and the writer were able to garner 
from all these sources. A brief summary will have to suffice. 

One receives the impression that the teaching of geometry for 
the last fifty years or more has not been entirely satisfactory, that 
numerous efforts have constantly been made to improve the situa- 
tion, and that often these methods are really not new but have been 
tried in one form or another before. 

The European countries are inclined to extend the work of ge- 
ometry over several years. The early work for children of ten or 
twelve is organized to familiarize the child with geometric vocabu- 
lary and concepts; with measurement, drawing and some construc- 
tion work; with very simple inductive reasoning (informally done); 
and with a few applications. The chief purpose of this seems to be 
to make the child so familiar with geometrical concepts that when 
he studies demonstrative geometry he may consider it as such with 
no distractions, devoting much time to originals and methods of 
proof. 

Demonstrative geometry in England and Italy retains much of 
Euclid’s form of logical presentation. As introduction to this, a 
separate course for younger pupils gives many of the important 
facts of geometry on an intuitive and inductive basis. 

Recent practice in France and Germany tends to merge the in- 
tuitive, factual introduction with the later logical presentation. 
The introductory course makes some use of deductive methods; the 
later, more rigorous treatment employs a natural essay style in the 
proofs, and does not obtrude the logical outline upon the reader. 
Some schools treat the subject matter of geometry only once, deal- 
ing with the earlier topics in an intuitive manner and passing grad- 
ually to a logical presentation as the course develops. 

The English seem to deplore that Euclid was driven out and miss 
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him. At the same time Westaway states that the English are not 
a nation of clear thinkers—the French, Germans, and Italians be- 
ing much keener mathematically—and that ‘‘competent observers 
agree that this is in no small measure traceable to the fact that our 
school mathematics has not been of a type to leave on the minds of 
ordinary pupils impressions of permanent interest.” 

In our own country we tend to offer a meager introductory course 
in the junior high school, followed by a logical presentation in the 
senior high school modeled after Legendre’s ordering of the the- 
orems. We seem much more interested in making a study of the 
tests and measurements of our teaching results than Europeans 
are. 

There is wide divergence as to the use of motion in demonstrative 
geometry. Some use it sparingly and minimize the number of the- 
orems to be proved by superposition. Some avoid the use of super- 
position by altering and extending the list of original assumptions. 
Others accept the idea of motion gladly and make free use of trans- 
lation, rotation, and symmetry in proving theorems. 

Some textbooks reveal the logical structure of individual the- 
orems by means of analyses preceding the synthetic proofs. Almost 
none call attention to logical chains of propositions, to the logical 
gaps in Euclid, or to the broader aspects of an abstract logical sys- 
tem—including mention of the necessity for undefined terms, defi- 
nitions, and postulates. Some advocate beginning demonstrative 
geometry with original exercises, minimizing the importance of 
“‘book theorems.”’ 

A few cling to Euclid’s purely geometric methods, avoiding all 
mention of number. Others make use of rational numbers and a 
small amount of algebra, commonly ignoring the incommensurable 
case. A few recommend the employment of irrationals as well as 
rationals in geometry, thus disposing of the incommensurable case 
briefly but adequately. Some make free use of number and algebra 
in geometry the while preserving the logical outline. Others intro- 
duce algebra and trigonometry with little regard for the logical 
outcomes; still others preserve the logic while employing a little 
trigonometry. A few would prefer to substitute analytic (coordi- 
nate) geometry for demonstrative geometry. 

Some would make pertinent reference to solid geometry through- 
out the course of plane geometry. A few would merge the two even 
more intimately. Many would keep them entirely separate, though 
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willing to see much more geometry of three dimensions included in 
the introductory intuitional course. 

A few would enrich the content in a few places by introducing 
material from “‘modern geometry,” usually in the form of exer- 
cises. 

With all the details of this body of material before it, here so 
briefly summarized, the committee is proceeding to the formulation 
of a few distinct philosophies of the teaching of geometry which 
will later be subject to experimental trial in cooperation with the 
schools. Inasmuch as the committee is obliged to conduct its busi- 
ness entirely by correspondence, its deliberations take the form of 
a poll of its opinions on a long list of questions growing out of the 
ideas culled from the sources mentioned above, followed by review 
and consolidation of its opinions into a few divergent philosophies. 
This list of questions (Form B) is being submitted also to groups of 
teachers in widely separate localities that the committee may have 
the benefit of as many judgments as possible. 

We believe that the committee has done something worth while 
to collect the significant suggestions made by eminent writers on 
geometry, linking author and idea in compact form for comparison 
with others. We hope to be able to publish these during the coming 
year that they may be available for teachers of geometry in general. 
With these various ideas before us, and with reasonable assurance 
that no suggestion of major importance has been overlooked, we 
shall be in a better position to select the most promising ones for 
experiment in our schools. 





THE NEW YEARBOOK 


If you have not secured your copy of the New Yearbook on “The 
Teaching of Mathematics in Secondary Schools,” you should send 
in your order at once as the edition is limited. 











Scientific Investigations of the Teaching of High 
School Mathematics Reported in 1932 





By H. E. Benz 
Ohio University, Athens, Ohio 


I. INTRODUCTION 


ABOUT A YEAR AGO the present writer prepared a summary of 
scientific investigations of the teaching of high school mathe- 
matics. This summary was published as a chapter in the Eighth 
Yearbook of the National Council of Teachers of Mathematics, and 
included material from 132 references selected chiefly because they 
met the usual criteria of scientific research. The present report rep- 
resents an effort to bring this summary down to date by reporting 
similar studies which were published during 1932. The same classi- 
fication is used in order to make it easy for the supplement to con- 
form to the original report. 

Two or three studies are included which were published prior to 
1932, but which were overlooked in the original compilation. 


II. THe MATHEMATICS CURRICULUM 


Relatively more attention seems to have been devoted during 
the past year to the mathematics curriculum. An interesting study 
of the uses made of mathematics by certain technicians was carried 
out by Frutchey (8). He described the method used to determine 
the mathematics needed by dairy technologists. Instructional ma- 
terials of various kinds were examined and managers of commercial 
dairy plants were interviewed. Both approaches to the problem led 
to the same conclusion—all the problems arising in this field can 
be solved by the use of arithmetic or algebra. Hill (12) studied the 
vocational uses of elementary high school algebra by the question- 
naire method. He examined seventeen algebra texts and listed the 
sixteen major topics taught. This list, including examples of each 
process, was submitted to 650 college graduates and 500 high school 
graduates with the request that they express an opinion on the use- 
fulness of the topics listed. On the basis of 470 returns Hill con- 
cluded that with the exception of research workers, scientists, and 
engineers, people use only about one-third of the topics at all. The 
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topics which were said to be useful were literal numbers, linear 
equations and formulas, positive and negative numbers, addition 
and subtraction of algebraic quantities, statistical graphs, ratio, 
proportion and variation. Curiously enough about 60% of those 
who responded to the questionnaire indicated that they favored 
making algebra a requirement in the high school. 

Carter (4) made an elaborate and extensive study of the mathe- 
matical concepts used in the study of physics in the high school. 
He developed a test over those concepts and gave it to 404 physics 
students in thirteen Missouri high schools. He decided that ability 
to recognize mathematical concepts is important for comprehension 
of material and that this is a mathematical ability rather than a 
reading ability. He found that his test predicted success in physics 
as well as did the Otis Intelligence Test. ‘‘The fundamentals of 
mathematics are not thoroughly enough understood by a large per- 
centage of high school students to enable them to apply these 
fundamental processes in a field such as physics.” An earlier in- 
vestigation of the relationship between mathematics ability and 
success in high school physics was made by Kilzer (15). He ex- 
amined the problem material in five high school physics textbooks. 
The mathematics needed included arithmetic, algebra, and ge- 
ometry, but almost no trigonometry. Most of the mathematics 
needed was not very difficult. After giving a test over the mathe- 
matics needed, to pupils who were eligible to elect physics, he con- 
cluded, ‘‘they use their mathematics poorly.’’ He recommends that 
steps be taken to insure that pupils who take high school physics 
know the mathematics needed when they begin the course. 

A study of how much arithmetic and algebra students of college 
physics know was made by Lueck (19). The Compass Survey Test 
and the Douglass Diagnostic Test in algebra were given to 280 
first year physics students in five Iowa colleges. In arithmetic they 
approximated seventh grade ability and only 27% exceeded the 
high school norm. Those who had taken or were taking college 
mathematics did better, especially in algebra. The report includes 
a tabulation of special disabilities. 


III. PRESENT STATUS 


A rather thorough discussion of recent developments in the 
teaching of geometry is found in a publication by Shibli (27). He 
has traced some of these developments back to the beginnings of 
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mathematics, but discusses especially the period since the opening 
of the present century. The report includes a general review of the 
historical development of the teaching of geometry, a consideration 
of the factors that have influenced this teaching, and discussions 
of developments in the purposes, content, and methods of teaching 
both intuitive and demonstrative geometry. A report of the Ohio 
Every Pupil Mathematics Tests by Wood (30) presents a detailed 
picture of the situation in a single state. The monograph includes 
tables showing scores on tests in various schools and per cents of 
pupils who had answers to the various problems. It includes also 
an analysis of the more common errors and compares the per- 
formance of poor, median, and good pupils. 


IV. THE ORGANIZATION OF SUBJECT MATTER 


The question has frequently been raised whether ‘‘exploratory”’ 
mathematics in the seventh and eighth grades handicaps or helps 
pupils when they come to ninth grade algebra. Kohibrenner and 
Walker (16) studied the comparative performance of pupils who 
had pursued this type of general mathematics with the performance 
of those who had taken “‘arithmetic’’ in these grades. Pupils who 
had “exploratory” mathematics were better in algebra at first. It 
should be noted that their eighth grade course included signed 
numbers. They decidedly surpassed other pupils in marks for the 
first twelve weeks. Then their advantage began to lessen. In the 
second semester these pupils showed almost no advantage. The 
authors point out that exploratory mathematics has other values. 


V. ConpiTIons AFFECTING OR ACCOMPANYING TEACHING 


Pressey ard Moore (22) gave mathematical vocabulary tests to 
pupils in grades 3 to 12 inclusive, and computed the per cent of 
pupils who knew the meaning of each word in each grade. Many 
words are never mastered by 50% of the pupils. For some words 
the curve rises more or less consistently with the grade level, and 
then goes down, indicating that the meaning of the word is forgot- 
ten. In general, it seems that pupils have much difficulty in mathe- 
matics because of inadequate mastery of vocabulary. Sykes (29) 
studied practices relative to adjustment to individual differences 
in over fifty high schools, and listed and described the most com- 
mon practices. The results of an effort to adapt work in the ninth 
grade to the needs of individual pupils in one school are described 
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by Hitchcock (13). General mathematics was introduced and pupils 
were given the opportunity to select this instead of algebra. Classes 
were not divided in terms of ability but there was some division 
within classes according to ability. Failures were sharply reduced. 
The problem of ability grouping was carefully investigated by 
three experimenters whose reports were issued during 1932. Eilberg 
(6) reports a controlled, parallel-group experiment to compare the 
Dalton plan with the recitation method in the teaching of plane 
geometry. The two groups used were equalized. The Dalton plan 
was found to be more effective than the recitation method. It led 
to better understanding of geometry, less memorization, and better 
budgeting of time. In addition, the author gives certain other minor 
findings regarding the nature of geometric learning. The Dalton 
plan required much more time on the part of the instructor, in fact, 
so much more as to make it a practical impossibility to use the plan. 
Eilberg’s report should be studied carefully by those interested. 
Kertes (14) studied various bases for ability grouping in algebra, 
including the I. Q., eighth grade arithmetic marks, and scores on 
the Orleans Prognosis Test. He also set up composite scores com- 
bining various factors. He concluded that the final marks in eighth 
grade arithmetic are as valuable as any other single factor, that 
composite scores are more useful than any single score, and that the 
best combination includes eighth grade arithmetic marks and 
scores on the Orleans Prognosis Test. Stokes (28) reports an elab- 
orate study of individual instruction as compared with group in- 
struction. In his experiment the group using individual instruction 
techniques ‘‘achieved significantly greater.’’ He draws other mis- 
cellaneous conclusions that have to do with various features of the 
study. The value of the conclusions is somewhat lessened by the 
small number of cases but the author shows himself to be fully 
aware of this limitation. His chief contribution seems to be the 
setting up of an elaborate technique. Thorough statistical analysis 
is made of the results and every effort was made to control the 
non-experimental factors. Whether Stokes proved anything about 
individual instruction is not clear to this writer, but he has demon- 
strated very effectively that with careful preparation, patient ef- 
fort and careful analysis of results, we may reasonably expect to 
apply scientific techniques to the evaluation and improvement of 
methods of teaching mathematics in the secondary school. This 
report also should be read in its entirety by those interested. 
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Reese (25) from a basis of experience, observation, reading and 
interviews, listed ‘‘aids, devices, and methods’”’ intended to help 
pupils solve difficulties encountered in studying algebra. She lists 
149 pithy suggestions under nine headings. Samples of these sug- 
gestions under ‘“‘How To Profit From Class Work”’ are: ‘‘Be pre- 
pared to contribute to the class work’’; ‘“‘profit by the criticism of 
the mistakes of other pupils’’; ‘“‘rehearse the class work to yourself 
at home.” A study of solid geometry is reported by Shanks (26). 
He describes the method of teaching which directs the pupils at- 
tention to the properties of the figure and compels him to make an 
intelligent attack on the analysis required. Less ground was cov- 
ered, but the experimental group did better work as measured by 
semester grades than the control group. 


VI. THe LEARNING OF MATHEMATICS 


In connection with the study reported above Frutchey worked 
out a series of practice exercises (9) designed to provide drill in 
those aspects of mathematics needed by dairy technologists. A 
sample exercise is shown in the report. Layton (17) studied the per- 
sistence of learning in elementary algebra. A test was given in May 
and the same test given a month later with intensive review inter- 
vening. In a group of 51 pupils the gain was 23°%. Eleven months 
later the same test was given again with no study of mathematics 
intervening. The average loss on the third test from the second 
was 36%. The boys lost more than the girls. Retention is better 
predicted by a test before a general review than by a test at the 
end of the course. In general, those abilities requiring more exercise 
of the thought processes seem to be retained better than those 
abilities which require mere mechanical manipulation. Errors made 
by 104 algebra pupils on tests over the four fundamental processes 
were tabulated and classified by MacRae and Uhl (21). Errors were 
listed and classified according to type and process. Remedial work 
was given. Multiplication and division showed the most errors and 
the greatest resistance to remediation. Most of the errors were as- 
sociated with the use of signs. Butler (3) made an extensive study 
of the mastery of mathematical concepts. A test involving sixty- 
three concepts was given to pupils in junior and senior high schools. 
Butler gives the average scores according to the type of concept, 
type of school, sex of pupils, grade, etc. Many conclusions are 
given, but among the more important are these: Mastery increases 
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through the grades; the maximum mastery reached is quite low; 
schools with a junior high school organization do not do better 
than other schools; and mastery is characterized by wide vari- 
ability. McCuen (20) made an effort to predict success in algebra 
by the use of the coefficients of correlation between scores on an 
algebra test and a number of other abilities. He found that the in- 
telligence quotient as measured by the Terman Group Test of 
mental ability correlates more highly with algebraic ability than 
do the other traits discussed, but ‘‘there are too many unmeasur- 
able factors to permit the accurate prediction of success in algebra.” 
Cooke and Fields (5) submit data which suggest that an intensive 
review of the entire field of arithmetic should precede the beginning 
study of algebra. They criticize their own data for being too meager 
as they used only thirteen algebra pupils and twenty-six geometry 
pupils. 
VII. PROBLEM SOLVING 


Hawkins (11) submits a report of an effort made to improve 
problem solving ability in algebra. Two groups of pupils were used. 
They were about equal as determined by average scores on the Otis 
Test of Mental Ability, the Breslich-Reavis Diagnostic Test in the 
Fundamental Operations of Arithmetic and in Problem Solving, 
and the Breslich Algebra Survey Test. The experimental group had 
special practice exercises in analyzing problems and in translating 
English expressions into symbols. In a problem test at the end of 
the experiment those in this group did better than those in the 
control group by 5.8 points on a percentage scale. ‘‘Practice in 
problem analysis is an aid to the pupil in solving verbal problems.” 


VIIL. INSTRUCTIONAL MATERIALS 


A study of trends in plane geometry textbooks was made by 
Freeman (7). An extensive and careful analysis was made of ge- 
ometry books of three periods, those used about 1900, those in cur- 
rent use in 1928, and five which were published after 1925. She 
checked the organization of the course, the logical elements (propo- 
sitions), the original exercises, miscellaneous material, and intro- 
ductory and optional material. The report covers especially the 
second and third points. Theorems were classified as having com- 
plete proofs, having incomplete proofs, unproved, and having an 
analytical proof. Original exercises were classified in three different 
ways. The author gives the following conclusions: (1) Recent writ- 
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ers of geometry textbooks are attempting to provide a more 
concrete basis for geometry; the books are characterized by illus- 
trations, practical problems, reference to instruments, etc. (2) 
Recent books provide more exercises between problems to provide 
an opportunity for immediate application. (3) Recent books give 
less attention to scientific rigor and logic and more adaptation to 
the pupil viewpoint. (4) There is a trend in the direction of an in- 
creased emphasis on training for logical thinking, as shown by an 
increase in the number of incomplete proofs, unproved theorems, 
original exercises, and by gradation according to difficulty. (5) In 
recent books, more effort is made to correlate the material with 
other subjects, as evidenced by the inclusion of algebraic exercises 
and a unit of trigonometry. (6) Individual differences are cared for 
by the use of optional material and difficult topics are given more 
careful and thorough treatment. 

The vocabulary of plane geometry was examined by Pressey, 
Pressey, and Zook (23). They found 943 technical words in three 
geometry texts. One hundred sixty-nine of these were found ten or 
more times in each book. Thirty-eight geometry teachers then 
judged the importance of each word for actual teaching. Those 
words which were judged to be non-technical because they were 
found in other fields as well as in geometry were eliminated and the 
remaining list of 77 is given in the report. A similar technique was 
used in an analysis of the technical vocabulary of algebra by Pres- 
sey, Pressey, and Narragon (24). Three hundred eighty-two tech- 
nical words were found in six textbooks. The reduced list of 52 is 
given. A very careful study of algebra work-books is presented by 
Adams and Cole (1). These two workers examined nine work-books 
which are commercially available. They checked the number of 
times that each of 109 algebraic skills was practiced in each work- 
book. One book had as many as 5,710 mechanical exercises and 
another as few as 1,490. From 41 to 73 of the different skills were 
practiced. No book practiced anywhere near the entire 109. Ap- 
parently there exists among the authors of work-books great vari- 
ation in opinion as to the importance of various topics as judged by 
the emphasis placed upon them. Some emphasize a few topics, 
some scatter the drill over many, some emphasize the easy aspects, 
and some drill on the hard phases of topics. The authors give a 
rather extensive and complete evaluation of each work-book, its 
merits and limitations, a discussion of the teaching situation into 
which it will best fit, and other comments. 
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IX. TESTING AND TESTS 


Grover (10) made an effort to determine the predictive value of 
the Orleans Algebra Prognostic Test. For a group of 71 pupils 
taught by the same teacher the correlation between the Prognostic 
Test and achievement as measured by the Columbia Research 
Bureau Algebra Test was .61, and the probable error of estimate 
of a predicted achievement score was approximately one-half stand- 
ard deviation. A multiple correlation between the Orleans Test 
and intelligence as measured by the Terman Group Test, and alge- 
braic performance, gives R equal to .65. The author says that in- 
telligence should be included in the prediction formula and expresses 
some caution relative to the application of the conclusions to other 
teaching situations. Lee and Lee (18) describe the construction and 
validation of the Lee Test of Geometric Aptitude. The reliability 
coefficient of this test was found to be .91 and it was found to pre- 
dict success in geometry to an extent represented by correlations 
from .60 to .70 in five schools. ‘‘Using the test properly will elimi- 
nate most of the failures.” 

Breslich (2) describes the construction of a test designed to meas- 
ure functional thinking. A copy of the test, which was given to 1800 
pupils, is shown. It has eight parts, measuring eight aspects of the 
pupil’s mastery of the function concept. The author gives the 
median and range for each semester of the high school. Great in- 
dividual differences were found, but he concludes that many pupils 
never acquire the understanding of functionality as illustrated in 
high school algebra. 
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Back numbers of The Mathematics Teacher containing the 
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of The Mathematics Teacher, 525 West 120th Street, New 

York. 

A Near Tragedy. Miller, Florence Brooks, XXII, Dec. 1929. 

An Idea That Paid. Miller, Florence Brooks, XXV, Dec. 1932. 

If. Snyder, Ruth L. XXII, Dec. 1929. 

Mathematical Nightmare. Skerrett, Josephine, XXII, Nov. 1929. 

Mathesis. Brownell, Ella, XX, Dec. 1927. 

The Eternal Triangle. Raftery, Gerald, XX VI, Feb. 1933. 

The Mathematics Club Meets. Pitcher, Wilimina Everett, XXIV, 
April 1931. 
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Jacques Bernoulli 


Born at Basel December 27 (O.S.) 1654 
Died at Basel August 16, 1705 


IT IS INTERESTING that Jacques Bernoulli should have been born 
in the very year of the correspondence between Pascal and Fer- 
mat which laid the foundations of the study of probability, for 
Jacques Bernoulli’s many important contributions to mathemat- 
ics, perhaps the most significant was his Ars Conjectandi, pub- 
lished posthumously in 1713. This work contained the first use of 
the term “permutation’’; the Pascal triangle, given as an original 
invention; and Bernoulli’s Theorem which Todhunter said ‘‘will 
ensure him a permanent place in the history of probability.’ This 
theorem is stated by Cajori in these terms: ‘If (r+s)"', where the 
letters are integers and ¢‘=r-+s, is expanded by the binomial 
theorem, then by taking m large enough the ratio of u (denoting 
the sum of the greatest term and the m preceding terms and the n 
following terms) to the sum of the remaining terms may be made 
as great as we please. Letting r and s be proportional to the proba- 
bility of the happening and failing of an event in a single trial, 
then u corresponds to the probability that in mf trials the number 
of times ar event happens will lie between m(r—1) and n(r+1), 
both inclusive.’” 

Jacques Bernoulli was the first in a long line of mathematicians. 
A note regarding his younger brother, Jean, will appear in a forth- 
coming number of the Mathematics Teacher. It was planned that 
Jacques Bernoulli should study theology, but instead he turned to 
mathematics, astronomy, and physics. He travelled in France, Hol- 
land, Belgium and England. In 1687, he became professor of 
mathematics at the University of Basel. In the same year, he wrote 
to Leibniz asking to be shown his newly invented method of analy- 
sis. Professor Cajori notes that Leibniz was travelling at the time 
and in the three year interval between the writing of the letter and 
Leibniz’s reply, Jacques Bernoulli had worked the subject out by 
himself. 

1 J. Todhunter, History of the Theory of Probability, p. 77. 

? Florian Cajori, History of Mathematics, New York, 1926, p. 222. For a discus- 


sion of the significance of this theorem, the reader is referred to Helen M. Walker’s 
Studies in the History of Statistical Method, Baltimore, 1929. 
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He studied many of the problems that were of current interest 
among them the question of finding the curve along which a body 
would fall with uniform velocity. A translation from the Ars Con- 
jectandi dealing with Bernoulli Numbers is given in the Source 
Book in Mathematics. This volume also contains an excerpt on the 
theory of combinations. His verses on infinite series and Professor 
Walker’s translation may well be repeated here: 


Ut non-finitam Seriem finita céercet, 

Summula, & in nullo limite limes adest: 

Sic modico immensi vestigia Numinis haerent 
Corpore, & angusto limite limes abest. 

Cernere in immenso parvum, dic, quanta voluptas! 
In parvo immensum cernere, quanta, Deum! 


Even as the finite encloses an infinite series 
And in the unlimited limits appear, 

So the soul of immensity dwells in minutia 

And in narrowest limits no limits inhere. 

What joy to discern the minute in infinity! 

The vast to perceive in the small, what divinity ! 


Jacques Bernoulli was one of the first to use polar coordinates 
and he probably was the first person to use the term integral as 
applied to the calculus. He made a particular study of the logarith- 
mic spiral. Professor Archibald summarizes his discoveries in these 
terms,—‘‘(1) the evolute of a logarithmic spiral is another equal 
logarithmic spiral, (2) the pedal of a logarithmic spiral with respect 
to its pole is an equal logarithmic spiral; (3) the caustic by reflec- 
tion and refraction of a logarithmic spiral for rays emanating from 
the pole as a luminous point is an equal spiral. Such perpetual re- 
nascence delighted Bernoulli and it was in accordance with his di- 
rections, inscribed on his tomb with the inscription: Eadem mutata 
resurgo—‘I arise the same though changed’.’* Dr. Lietzmann in 
his Lustiges und Merkwiirdiges von Zahlen und Formen, reminds his 
readers that this inscription, of which he gives a picture, is in ac- 
cord with tradition, quoting Cicero’s description of the tomb of 
Archimedes with its picture of the cylinder, sphere and cone. He 
also gives the story, unsupported by the facts, that the binomial 

* Source Book in Mathematics, New York, 1929, p. 271. 


* Raymond Clare Archibald, Outline of the History of Mathematics, Society for 
the Promotion of Engineering Education, 1932, p. 37. 
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theorem appears on the Newton monument in Westminster Ab- 
bey. And he cites the instance of the seventeen-sided star on the 
monument to Gauss in Brunswick, commemorating Gauss’s dis- 
covery of the method of inscribing a regular seventeen sided poly- 
gon in a circle. He might have gone farther in his discussion of 
mathematical tombstones and quoted the request of the elder 
Bolyai that he have an apple tree in memory of three apples, ‘‘the 
two of Eve and Paris, which made hell out of earth, and that of I. 
Newton which elevated the earth again into the circle of Heavenly q 
bodies.’”® 





VERA SANFORD 


§ Cajori, loc. cit. p. 303. 
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